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A B S T R A C T 
This thesis describes the results of computer simulations of 
cosmic ray extensive a i r showers with primary energy in the range 
1 0 1 4 - 10 1 9eV. 
A brief review of simulations made by other authors i s presented 
after which models for high energy nuclear interactions are discussed. 
The parameters choosen for the preferred model employed here are 
stated and some more recent data from accelerator experiments are 
mentioned. 
The predictions from the preferred model for proton init iated 
a i r showers are compared with experimental data and the results 
of previous simulations; the consequences of including trends seen 
from recent accelerator experiments in the model for interactions 
are also discussed. 
The break-up of energetic particles with atomic mass number 
as high as 56 as they traverse the atmosphere is discussed and a 
model to reconstruct this process at cosmic ray energies i s described. 
The predictions from the preferred model for interactions assuming 
iron primary particles are given. I t i s concluded that a study of 
the average shower characteristics w i l l not lead to a reliable 
determination of the mass composition of the primary radiation. 
Predictions for the fluctuations of measurable parameters 
in a i r showers are presented; i t i s shown that on the basis of 
these studies i t is l ike ly that comment may be made upon the primary 
composition. 
The results of these simulations are particularly relevant to 
the Haverah Park Extensive Air Shower Array; the improvements to 
i i 
the array presently being implemented should, according to the 
present resul ts , enable an estimation of the primary composition 
17 
at energies ^10 eV to be made. In particular the presence or 
otherwise of protons in the primary beam should be estimated. 
The feas ib i l i ty of the cluster analysis of experimental 
data i s investigated and i t is shown on the basis of the clustering 
of simulation data that to a limited extent the separation of 
a i r showers into groups according to the atomic mass number of 
the primary particle i s possible. 
1 
C H A P T E R O N E 
INTRODUCTION 
1-1 The Cosmic Radiation 
The f i r s t suggestion that there existed a form of radiation 
of extra- terrestr ia l origin came in 1900o C .T .R. Wilson, the 
originator of the Wilson Cloud Chamber,and also E l s t er and Geitel 
noticed that a carefully insulated gold leaf electroscope lost i t s 
charge even when the greatest care was taken with i t s insulation 
(Wilson (1901)). This was deduced to be due to some form of radiation 
which ionized the gas in the electroscope and resulted in i t s discharge. 
For some time"it was thought that this radiation could be of t erres tr ia l 
origin (eg. from the natural radioactivity of the earthrs rocks) but a 
series of balloon f l ights by Hess (1912) and Kolhorster (1914) proved 
that the radiation was extra t erres tr ia l since the intensity increased 
to ten times the value at sea level at a height of 9200m. Since this 
early work the investigation of the cosmic radiation has lead to 
many major discoveries in physics. For example the positron was 
discovered in 1932 by Anderson and later the u-meson and TT-meson 
were discovered. 
The amount of effort that.has been expended over the years on 
detailed improvements in measurements of the arr iva l direction, 
energy spectra and composition of primary cosmic radiation may at f i r s t 
glance seem surprising. However, the radiation i s so complex that 
the details potentially contain much information. 
The radiation provides a powerful tool for gathering experimental 
evidence relevant to the f ie lds of astrophysics and cosmology and of 
particle physics. Energetic cosmic rays provide us with a direct 
sample of matter originating outside our solar system. They bring 
2 
with them information on their source regions (the state of matter and 
acceleration mechanisms) and also on the radiation and matter which 
they have traversed. The particles of greatest potential interest are 
18 
those of very high energy (-^10 eV) which may be extragalactic in 
origin. 
20 
The integral energy spectrum up to the energy of ~-10 eV/nucleus 
i s now relat ively well known; i t can.be represented by a simple 
11 15 
power law. In the energy range 10 -10 eV the exponent of the power 
law i s 1.6 to 1.7 (eg.Grigorov et a l * ( l 9 7 l ) ) . Above this energy the 
exponent increases to —2.1 (Edge (1974)) and continues with this 
19 
slope to energies in excess of 10 eV. 
The distribution in atomic mass number of the high energy 
primary cosmic radiation is s t i l l unknown and this thesis is primarily 
concerned with the determination of this aspect of the radiation. 
1~2 Extensive Air Showers 
14 
At primary energies > 10 eV the direct observation of cosmic 
radiation is made impossible by the small flux : of particles 
fa l l ing (for example, at energies greater than lC^eV the flux of 
~2 ~1 
primary cosmic ray particles f a l l s to less than a particle m yr ) . 
For tunately a study can be made of these high energy primary 
particles by indirect methods. 
When a primary cosmic ray reaches the top of the earth's atmosphere 
-2 
i t i s presented with -1030 g.cm. of material through which i t must 
pass before reaching sea level . (We w i l l for simplicity consider 
sea level to be the observational l eve l ) . Since the interaction 
length for protons with a i r nuclei i s ~80 g cm (and the corresponding 
quantity i s shorter for heavier part ic les) the primary particle w i l l 
undergo many col l is ions with a i r nuclei as i t tr-jverses the atmosphere 
which w i l l result in lateral ly extensive cascades of secondary 
particles observable at sea level . This phenomenon is known as an 
'extensive a ir shower' (EAS). 
The primary nucleon of an EAS (we wi l l consider here a nucleon 
init iated EAS although, as we shall consider la ter , the primary 
particles could be heavier) interacts with an a ir nucleus and produces 
many secondary particles mostof which are pions. The incident 
nucleon proceeds through the atmosphere to i t s next interaction with 
about half of i t s i n i t i a l energy. The charged pions that were 
created in the nucleon interaction either interact catastrophically 
with a ir nuclei to produce more pions (the interaction mean free 
path of such interactions being ~. 120 g cm ) or decay to muons 
/ + + \ -8 
[•n—*• u- + v) with a lifetime of 2.6 x 10 s. Once muons are created 
they either survive unti l they reach the level of observation or 
they decay to electrons or positrons. The transverse momentum with 
which the pions are produced causes the cascade of particles to 
spread la tera l ly . The neutral pions produced in interactions decay 
—16 
almost instantaneously to two gamma rays (T ^ 10 s) which in 
turn produce electron positron pairs. These particles radiate 
by bremsstrahlung to produce more photons and thus the electron-
photon cascade i s formed. The electron-photon cascade grows by 
superposition of many individual cascades with energy being 
continually fed from the nuclear component. 
1-3 Primary Composition 
Very l i t t l e is known about the mass composition of the primary 
cosmic radiation above energies of a few hundred GeV. At low energies 
the composition has been investigated directly using emulsion stacks 
flown in balloons and the information that can be extracted from these 
4 
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>3.7xlOUeV 46 80% 13% 7% Malhotra et al 
(1966) 
12 >10 eV 112 46% 16% 38% McCusker 
(1967) 
5 
experiments is shown in Table 1-1. There have been isolated cases of 
identified interactions of high energy being reported - a proton of 
14 14 2x10 eV, an oxygen nucleus of 2x10 eV and a calcium nucleus of ~ 
14 
4x10 eV. Therefore direct observations with nuclear emulsion stacks 
confirm that heavy nuclei are present up to energies of the order of 
4xld^eV, although the relative abundances remain undetermined. 
The results from the Proton Sate l l i te experiment (Grigorov et a l . 
(1971)) .indicate that while the ' a l l part ic le 1 energy spectrum 
wiCK 15 continues when a slope of 1.6 up to 10 eV, the spectrum for protons 
12 
alone suddenly steepens at 10 eV. This implies that there i s an 
increasing proportion of heavy primary particles in the energy range 
32 15 
10' - 10 eV. However, this steepening of the proton spectrum 
12 
at 10 eV i s not supported by the results of the balloon experiments 
of Ryan et al* (1971). 
The chemical composition of the primaries in the a ir shower 
region of the energy spectrum i s s t i l l unknown. In the forseeable 
future i t seems unlikely that much detai l w i l l become available on 
the exact mass composition of the primary cosmic radiation at energies 
>10^eV/nucleus but i t may well be possible to determine the proportion 
of protons ( if any) present at these energies. A review of the data 
available on primary composition in the energy range 1 0 ^ - lO^^eV 
together with the interpretations with which they were presented 
has been made by Sreekantan (1972), and the result i s inconclusive. 
As an example of the confusion that exists on this subject we w i l l 
consider two of the experiments included in this review. The Sydney 
group (McCusker et a l . ( l969) ) have made investigations of the 
proportion of 'multiple core' events as a function of energy using 
the matrix of 64 sc int i l la tors located in the centre of their EAS array. 
6 
They compared their observations with model calculations for various 
primary masses and concluded that the primary cosmic ray beam has a 
15 
mixed chemical composition at energies around 10 eV which becomes 
17 
progressively richer in heavy nuclei up to 10 eV where the ratio 
of multiple core to single core events i s greater* 
The Kiel results (Samorski et a l . ( l9&9) , ( l97l ) ) are in direct 
confl ict withthe Sydney results . Samorski et a l . interpret their 
results as meaning that the primary cosmic ray beam at energies 
3 x 10^-10^°eV has either a pure proton or a mixed composition 
but not a l l heavy primaries. 
The confusion existing on this subject underlines the importance 
of making a reliable estimate of the mass composition in the energy 
17 18 
range 10 -10 eV which i s covered by the Haverah Park EAS array 
(see § 1 - 5 ) . 
1-4 Computer simulation of EAS 
In order to interpret the observations of EAS made by a i r shower 
arrays i t i s necessary to construct a model describing as far as 
possible the development of the cascade of secondary particles through 
the atmosphere. This task i s complicated by the fact that no 
information regarding proton-nucleus or nucleus-nucleus interactions 
i s available at the energies under consideration. I t is therefore 
necessary to make extrapolations to a i r showers energies from information 
gained from accelerator experiments (<~ 1500 GeV). Even at these 
energies the information available concerns proton-proton interactions 
and i t is necessary to make assumptions in order to make the information 
relevant to proton-nucleus interactions. 
In order to calculate the hadronic and muonic components of a i r 
showers values must be assigned to the following parameters: 
7 
( i ) the interaction mean free path of protons 
( i i ) the interaction mean free path of pions 
( i i i ) the ine last ic i ty of protons and of pions in interactions with 
a i r nuclei , 
( iv) the mult ip l ic i ty , momentum distribution, and composition of 
particles produced in proton-nucleus and pion-nucleus 
interactions, 
(v) the decay time of pions and muons. 
The values of (v) are well known: however, the remaining information 
required i s not available at a i r shower energies and must be obtained 
by extrapolation from accelerator energies. 
The processes contributing to the electron-photon cascade are well 
understood and a number of solutions have been made to the diffusion 
equations of the problem.^ (Snyder (1949)). The interactions involved 
are pair production, bremsstralung, Compton effect and ionization loss; 
the las t two of these are usually neglected for solutions of the 
diffusion equations which are valid only for high energy electrons 
and photons (Rossi (1965)). With the advent of powerful computers 
i t has been possible to use Monte Carlo techniques to follow each 
particle in the three dimensional electron-photon cascade resulting 
from a low energy electron or photon ( ,$100 GeV) and results from this 
type of calculation are often combined with the analytical solutions 
for the high energy particles (as in the case of the present work). 
The possibi l i ty that the primary particle may not necessarily 
be a proton adds an additional complication to the construction of a 
simulation model. One must adopt a model for the way in which heavy 
nuclei interact with a ir-nucle i . The model chosen for the present work 
i s described in Chapter 5» 
8 
The responses of the detectors to the particles passing through 
them must be known and included in the model. 
The completed simulation model must produce predictions which 
are consistent with experimental observations. For instance, the ratio 
of muons to electrons at particular distances from the shower aore 
and the shape of the muon lateral distribution must agree with experiment. 
Having tested the model for inconsistences with experimental data 
i t may then be used to make predictions about the primary mass and 
energy of particles recorded by the array. 
Another use for EAS simulations could be in the determination of 
the parameters of high energy interactions which cannot be studied 
direct ly . This possibil ity has been investigated as a part of the 
present work. 
1-5 The Haverah Park Array 
The Haverah Park Extensive Air Shower Array, as i t was at the 
commencement of this work, consisted of 32 deep water Cerenkov 
detectors arranged as shown in F ig . 1-1 over an area of approximately 
2 
12 km • This array developed from the original array described by 
Tennant (1967). Each detector consists of a number of galvanised 
steel tanks f i l l e d to a depth of 1.2m with water and covering an 
2 
area 2.25 m . The tanks are lined with a white plast ic material 
(Darvic) and f i l l e d with clear water. The r e l a t i v i s t i c particles 
comprising the a i r shower produce Cerenkov light as they pass through 
the water. This l ight i s diffused by the Darvic lining of the tank 
and a small proportion (0.05%) of the diffused radiation is detected 
by a photomultiplier which dips into the water at the top of the tank. 
For each detector the responses from the individual tanks are added 
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coincidence detecting system. The response of the tanks to a i r 
showers has been described previously (Turver (1963), Hollows (1968)) . 
The Cerenkov tanks are cal ibrated i n terms of v e r t i c a l l y incident 
r e l a t i v i s t i c muons (y-e./*) ie. the energy deposited by one r e l a t i v i s t i c 
v e r t i c a l muon passing through the tank. 
1-6 The Present Work 
The -main purposes of the present work are twofo ld : 
( i ) to a id the design of improvements f o r the Haverah Park A i r 
shower array wi th the aim of increasing i t s s e n s i t i v i t y 
to the nature of the primary pa r t i c l e s of showers: 
( i i ) to consider the f e a s a b i l i t y of using EAS f o r the determination 
of parameters i n high energy nucleon-nucleus in te rac t ions . 
The work also provides predict ions f o r a very broad range of 
EAS parameters which are relevant to other EAS detecting arrays as 
we l l as to the Haverah Park array. 
Chapter 2 provides a h i s t o r i c a l review of the a i r shower 
simulation studies which have been made to the present t ime. 
Chapter 3 summarises the various models f o r high energy 
in teract ions and a data survey of parameters involved i n these 
in terac t ions i s presented wi th the aim of j u s t i f y i n g the choice 
of values used i n the 'normal' model. More recent data are also 
given here as an ind ica t ion of changes that might be included i n 
the model f o r in te rac t ions . 
The resul ts of the 'normal* model f o r proton i n i t i a t e d a i r 
showers are presented i n Chapter 4 and comparison i s made wi th 
experimental data and the resul ts of other simulations. Also 
included i n t h i s chapter are the resul ts of changes i n the model 
f o r nuclear in te rac t ions . Comment i s made upon the l i k e l y v a l i d i t y 
of the models used. 
Chapter 5 describes the model adopted f o r the fragmentation 
of heavy primary nuclei as they traverse the atmosphere. This i s 
considered by the author to be a more r e a l i s t i c approach than 
has previously been used i n simulation studies. 
The f luc tua t ions i n shower parameters are described i n Chapter 
6 and, on the grounds of these resul ts* suggestions are made as to 
which parameters w i l l be useful i n the measurement of both primary 
mass andprimary energy. 
Chapter 7 reviews the modif icat ions presently being implemented 
at Haverah Park and considers the f e a s a b i l i t y of the use of c lus ter 
analysis f o r the c l a s s i f i c a t i o n of experimental data i n categories 
t y p i c a l of primary pa r t i c l e s of d i f f e r e n t mass number. 
C H A P T E R T W O -
A REVIEW OF PREVIOUS AIR SHOWER SIMULATIONS 
2-1 In t roduct ion 
Later i n t h i s thesis the resul ts of the simulations of EAS 
made by other authors w i l l be compared wi th those from the present 
worko I t i s usefu l therefore to summarise the development of the 
work i n t h i s f i e l d . 
The d e t a i l and refinement of the a i r shower simulations used 
at present to i n t e r p r e t the experimental resul t s from the EAS 
arrays are possible only as a r e su l t of the increases i n computing 
f a c i l i t i e s i n recent years. The ea r l i e s t simulations (pre-1956) 
were confined to fo l lowing the most energetic pa r t i c l e s produced i n 
r e l a t i v e l y iow energy showers. These simulations f requent ly 
involved a so lu t ion of the d i f f u s i o n equations and gave a reasonable 
estimate of the populous electron-photon cascade together wi th 
predict ions f o r the energetic pions and muons. No information was 
available from these models concerning the many low energy pions and 
muons. 
The advent of more powerful computers i n the mid-1960s lead 
many physicis ts to apply the Monte-Carlo technique to predict the 
de ta i led development of EAS. Each pa r t i c l e was fol lowed from i t s 
point of creat ion u n t i l i t disappeared (eg. a pion might decay to 
a muon or in t e rac t wi th an a i r nucleus). This method can now be 
used to simulate f u l l y EAS i n i t i a t e d by primary pa r t i c l e s with 
15 
energy greater than 10 eV„ 
The so cal led 'step-by-step 1 procedure, which enables 
predict ions to be made about the average charac ter i s t ics o f , f o r 
example, low energy muons i n large showers was developed 
independently by Dedenko (1966) and H i l l a s (1966), In t h i s 
procedure the average d i s t r i b u t i o n i n energy and depth of production 
i n the atmosphere of a l l pions are obtained from numerical evaluations 
of the appropriate ana ly t i ca l formulae,, 
There have also been developments using the Monte-Carlo 
technique combined w i t h an ana ly t i ca l approach which have enabled 
r e a l i s t i c values f o r the f luc tua t ions of EAS i n i t i a t e d by primaries 
19 
wi th energies up to 10 eV to be predictedo This i s one of the 
approaches used i n the present simulations. 
2-2 A Survey of E a r l i e r Simulations 
The e a r l i e s t work tha t w i l l be considered here i s that of 
Oda (1956) who produced resul ts based upon two in t e r ac t i on models. 
The f i r s t model assumed Fermi's theory of meson production was 
applicable (Fermi (1951)) and the second employed a Landau-type 
theory of meson production (Landau (1953)) i n which there i s a 
stronger concentration of emitted energy i n the forward d i r e c t i o n . 
The resul ts produced by both models were i n agreement wi th the 
data f o r energetic muons of Barret t et a l (1952),, Ueda and 
Ogita (1957), fo l lowing suggestions by Rozental (1952), produced 
a one-dimensional treatment and predicted pion and muon numoers i n 
excess of two d i f f e r e n t energy thresholds at two observational levels 
i n EAS i n i t i a t e d by primaries i n the energy range 10 4 - 10^ GeV. 
This model was extended by Fukuda, Ueda and Ogita (1957) who made 
i t three-dimensional and introduced the concept of the ' forward 
and backward cones' i n the spa t ia l d i s t r i b u t i o n of produced pions. 
The 'step-by-step * method of simulating a i r showers was 
introduced independently by Dedenko (1966) and H i l l a s (1966). This 
model d i f f e j e d from the method used u n t i l that date - o f t en known 
as the successive generation method - i n that the d i f f u s i o n equation 
was s i m p l i f i e d and as a r e s u l t the number of low energy muons and 
pions i n the showers could be calculated. This s i m p l i f i c a t i o n i s 
described i n d e t a i l by Dedenko (l966)„ H i l l a s constructed a model 
based upon data from accelerator experiments which was s imilar 
i n many aspects to the representation of data on p r o t o n - l i g h t -
nuclei in te rac t ions suggested by Cocconi, Koester and Perkins ( l 9 6 l ) . 
i s r e fe r red to as the CKP mode 1 which has subsequently been used 
i n many models. This work allowed the pred ic t ion of the l a t e r a l 
d i s t r i b u t i o n s of muons wi th energy as low as 300 MeV i n the range 
of core distance 20-2000 m i n showers wi th primary energy up to 
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10 ' eV. H i l l a s considered the problem of the heights of production 
of muons i n a i r showers i n order to f i n d the r e l a t i v e importance 
of muons produced at pa r t i cu l a r heights f o r the densit ies predicted 
at various l a t e r a l distances. 
I n the same year Cowsik (1966) produced a one dimensional 
d i f f u s i o n equation model which incorporated the production of i s o -
bars ( fo l lowing suggestions by Pal and Peters (1962)) and copious 
nucleon-antinucleon production i n the nucleon in te rac t ions . The 
model used a m u l t i p l i c i t y law f o r the numbers of both pions and 
nucleons produced which increased as the square root of the 
radiated energy. The calculat ions were carr ied out f o r primary 
4 7 
energies i n the range 10 - 10 GeV. In an attempt to i d e n t i f y a 
sa t i s f ac to ry representation of energetic in terac t ions Lai (1966) 
carr ied out simulations using a semi-Monte Carlo method i n one 
dimension only. This model incorporated nine var ia t ions of the 
values f o r the c o e f f i c i e n t of i n e l a s t i c i t y and m u l t i p l i c i t y of 
produced par t ic les . , a l l based on the CKP model. 
Comprehensive simulations were made by de Beer et a l . (1966) 
f o r showers wi th e lectron size at sea leve l of 10^ pa r t i c l e s ( t h i s 
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corresponds to an energy f o r a primary proton of v 8 x 10 eV). 
The aim of the work was to throw l i g h t on the primary p a r t i c l e mass 
composition and to examine those character is t ics of high energy 
co l l i s ions which are not accessible to scrut iny by other means. The 
model was used to make predict ions f o r the charac ter i s t ics of 
heavy primary nucleus i n i t i a t e d EAS as wel l as f o r proton i n i t i a t e d 
showers. In order to do this ,what has come to be termed the 'super-
p o s i t i o n ' model f o r the break-up of heavy nuclei was used. This 
model implies that the observations r e su l t i ng from an a i r shower 
i n i t i a t e d by a primary of atomic mass number A and energy E^ w i l l 
be equivalent to the sum of A showers each i n i t i a t e d by a proton 
of energy (EpA)o de Beer et a l studied three models f o r nuclear 
in teract ions i n d e t a i l . Two of those used a r e l a t i o n f o r the 
m u l t i p l i c i t y of pions produced which increased as the quarter root 
of the radiated energy, E , and the t h i r d had a law which was 
- 3 proport ional to E 4 u n t i l E reached 2.10 GeV and increased as r r 
_L 
E r 2 f o r higher energies. Fluctuations to be expected i n shower 
parameters were considered by these authors and estimates were 
made of the expected f luc tua t ions i f the f o l l o w i n g three spectra 
of mass of primaries were used:-
(a) A l l primaries were protons. 
(b) The re was a constant composition throughout the 
energy range considered which was consistent wi th 
tha t found at 10 l 2 eV. 
(c) There was var iable composition wi th an enhanced 
"•5 
con t r ibu t ion from heavy nuclei above 10~ eV and 
re-appearance of protons from assumed extra galact ic 
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sources above 10 eV. 
The predict ions of t h i s model were subsequently used i n 
studies aimed at de r iv ing the mean transverse momentum of pions 
produced i n high energy in teract ions (de Beer et a l a ( l 9 6 8 ) ) and i n 
many other applicat ions up to the present date. 
In 1967 Bradt and Rappaport produced a complete three-dimensional 
Monte-Carlo model which followed each p a r t i c l e produced e i ther to sea 
leve l or u n t i l i t disappeared. Predictions were made f o r two levels 
—2 
of observation, 530 g cm (corresponding to the depth of the 
Mt. Chacaltaya experiment) and 970 g cm . A very clear and 
detai led descr ip t ion of th i s type of model i s given by these authors. 
The simulations were carr ied out i n the range of primary energy,E , 
P 
of 10 -10 eV but the predict ions were l i m i t e d to character is t ics 
of nucleons, pions and muons wi th energy greater than (E^ x 10 ^ ) . 
Three models were used to represent the nuclear i n t e r ac t i ons j one was 
a two centre model, one an isobar model and one a passive baryon 
model. An attempt at solving the problem of accurate predict ions 
f o r heavy primary nucleus i n i t i a t e d EAS was made during the study. 
As' a r e s u l t of studying emulsion data the authors decided that the 
' super-pos i t ion ' model d id not r e a l i s t i c a l l y describe the break-up 
of a heavy nucleus as i t traversed the atmosphere and instead they 
opted f o r a ' p a r t i a l fragmentation model ' . They allowed between 
30% and 50% of the mass of the primary to be detached i n the form 
of alpha pa r t i c l e s when the heavy nucleus interacted with an a i r 
nucleus. The alpha pa r t i c l e s went on to in t e rac t w i th a i r nuclei 
releasing a l l four consti tuent nucleons. The 'sub-heavy' ( that 
por t ion of the heavy primary pa r t i c l e which remained bound) was 
then treated as the primary nucleus had been. The mean f ree paths 
used were those found from emulsion data. One short coming of t h i s 
model f o r the break-up of heavy nuclei was the f a c t that no pions 
were produced during the fragmentation of e i the r the primary 
nucleus, i t s : fragments, or the alpha p a r t i c l e s ; pions were produced 
only when i n d i v i d u a l nucleons interacted wi th a i r nuc le i . 
Murthy et a l , ( l 9 6 8 ) produced a semi Monte Carlo model f o r 
proton and heavy primary i n i t i a t e d EAS - again using the 'super-
pos i t ion" model f o r the l a t t e r . Eight d i f f e r e n t in t e rac t ion models 
were used and, as a r e su l t of comparing the resul t s of these models 
wi th experimental data, i t was concluded that nucleon-anti-nucleon 
production was necessary i n order to make shower absorption lengths 
agree wi th those found experimentally. 
The pred ic t ion of the character is t ics of the smaller EAS has 
been of great in te res t i n recent years. Castagnoli (1969) produced 
a three dimensional model, incorporat ing the production of isobars , 
wi th the aim of explaining data f o r the muon l a t e r a l d i s t r i b u t i o n 
i n small showers at sea level and then applying the model to studies 
of mul t ip le penetrating par t i c les underground. Suschenko and 
Fomin (1968) concerned themselves wi th i n t e rp re t i ng data from 
smaller a i r showers f o r which they used a three-dimensional 
Monte-Carlo model. They produced predict ions f o r f o u r observation 
levels (200, 500, 700 and 1030 g cm" 2 ) . Greider ((1970, 1971)) has 
developed a very re f ined model which contains s tructure i n the 
descr ip t ion of the nuclear react ions. Theilheim and Beiersdorf 
(1970) produced a three-dimensional Monte-Carlo ca lcu la t ion based 
upon a CKP model f o r in terac t ions and used i t to study the nuclear 
act ive component i n proton and heavy nucleus induced showers i n 
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the energy range 10 - 10 eV. They used a model s imi la r to t ha t 
of Bradt and Rappaport to describe the fragmentation of the heavy 
primary n u c l e i . 
I n recent years calculat ions have been made (eg by H i l l a s 
((1970), (1972)) which are aimed at predic t ing the response of a 
spec i f i c type of pa r t i c l e detector to an EAS of prescribed primary 
17 
energy f a l l i n g wi th i t s core at a known distance. For example, 
H i l l a s has calculated the responses at various core distances of 
the 120 cm deep water Cerenkov detectors used i n the Haverah Park 
experiment and f o r the p l a s t i c s c i n t i l l a t i o n counters (thickness 
8 g cm ) used i n the Volcano Ranch experiment. Using a range of 
i n t e r ac t i on models ( label led A->K) he predicted the deep water 
20 
Cerenkov detector responses to EAS of energies up to 10 eV wi th 
cores f a l l i n g at distances between 100 - 1300m from the detectors . 
These calculat ions showed that at the Haverah Park array, i n the 
region of core distances around 400-500m, the detector response 
was p a r t i c u l a r l y insensi t ive to the choice of e i the r the model 
f o r in terac t ions or the mass of the primary. Marsden (1971) 
described i n d e t a i l the resul ts of calculat ions based on one of the 
models used by H i l l a s (Model A) and he considered the deta i led 
temporal and spa t i a l development of the e lect ron photon cascade. 
Model E used by H i l l a s i s the most s imi la r to the model taken as the 
'normal ' model i n the calculat ions to be discussed l a t e r i n t h i s 
thes i s . This i n t e rac t ion model d i f f e r s from the 'normal ' model 
only i n that the c o e f f i c i e n t of i n e l a s t i c i t y is assumed to be 
0.44 and the mean f ree path f o r pion in teract ions as 100 g cm 
(compared wi th 0.5 and 120 g cm i n the 'normal' model),, 
Capdevielle e t a l . (1970) made simulations of large EAS using 
the step-by-step method. Their calculat ions covered a range of 
energies between 1 0 ^ and 1 0 ^ eV. The three parameters that 
were varied i n t h e i r i n t e rac t ion model were the m u l t i p l i c i t y of 
produced pions, the i n e l a s t i c i t y assumed f o r p-N c o l l i s i o n s , K, 
and the mean f ree path of the nucleon, Xp. The r e l a t i o n governing 
the m u l t i p l i c i t y of produced pions considered were of the forms 
n = BE 4 and n = B log E where the value of B was chanqed s o s o a 
with d i f f e r e n t combinations of K and A » The production of nucleon-
P 
anti-nucleon pairs was also taken in to account f o r some combinations 
of these var iables . These authors also considered EAS produced 
by heavy nuclei using a ' superposi t ion ' model but taking in to 
account the mean free path of heavy p a r t i c l e s . 
2-3 Results Obtained i n Previous Simulation Studies 
2-3.1 The Electron Component 
The electron component of EAS was one of the e a r l i e s t features 
to be studied experimentally. The growth and decay of the e lec t ron 
shower through the atmosphere can give a good i n d i c a t i o n , when 
combined wi th other observations, of the primary energy of the EAS. 
The two main methods of ca lcu la t ing the e lectron shower, 
given the production spectrum f o r neutral pions through the 
atmosphere a r e : -
( i ) a so lu t ion of the d i f f u s i o n equations f o r the electron photon 
cascade under cer ta in s i m p l i f y i n g assumptions. Only brems-
strahlung, pair production and ion iza t ion loss are considered; 
the Corr.pton e f f e c t is ignored. This treatment i s known as 
Approximation B (Snyder and Serber (1938)) and produces the 
number of electrons e f f e c t i v e l y above zero energy produced 
by i n i t i a l Vrays^ and 
( i i ) a so lu t ion of the d i f f u s i o n equations f o r the e lect ron photon 
cascade leaving out the i on i za t i on loss as wel l as the Compton 
e f f e c t , (Rossi (1965)). This i s known as Approximation A 
and r e l i a b l y predicts the number of high energy photons and 
electrons which may then be combined with the resul ts of 
rigorous Monte-Carlo calculat ions (eg those of Messel and 
Crawford (1969)) f o r the lower energy p a r t i c l e s . 
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Both of these methods have been used i n the present calculat ions 
and they are described f u l l y i n Appendix 3, F i g . 2 .1 shows 
the one-dirr.ensional long i tud ina l development of the e lectron cascade 
8 
f o r showers i n i t i a t e d by protons of energy 10 GeV according 
to H i l l a s (1972). 
Many authors have considered the dependence of e lectron shower 
size at sea l eve l and the depth of maximum development of the e lectron 
cascade upon the primary energy. F i g c 2«2 give:; a comparison of the 
resul ts of various authors and i t can be seen that there is sa t i s fac to ry 
agreement between the data from most studies; many of the small 
d i f ferences occur because of minor d i f fe rences i n the assumed 
in te rac t ion models. 
2-3.2 The Mnon Component 
The t o t a l muon energy spectrum produced by EAS at a pa r t i cu la r 
observation l eve l i s a parameter which i s not eas i ly measured unless 
very many detectors of considerable area are used. However} several 
of the calculat ions tha t have been mentioned i n t h i s chapter produce 
predict ions f o r the muon energy spectrum at sea l eve l f o r pa r t i cu l a r 
primary energies. F i g . 4-5? shows a comparison of the predict ions 
f o r t h i s parameter from various studies; also shown are the 
experimental data summarized by Gaisser and Maurer (1972 ) 0 The 
l a t e r a l d i s t r i b u t i o n of muons above pa r t i cu l a r threshold energies 
i s a more read i ly measured quantity (eg f o r the Haverah Park 
experiment both the Durham Spectrograph (Dixon e t a l . (1973(a)) and 
the Nottingham muon detectors (Armitage (1973)) can measure t h i s 
quant i ty) F i g . 2.S comperes the l a t e r a l d i s t r i b u t i o n s of muons 
derived from some simulations with the experimental data of 
Armitage, The resu l t s shown i n t h i s f i g u r e from the present work 
have been calculated wi th tie inc lus ion of geomagnetic and Coulomb 
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2-3•3 The Nuclear Active Component 
F i g . 2.4 shows a comparison of the pion spectra at sea leve l 
produced by proton primaries of energy 10^ GeV from several 
calculat ions. I t can be seen tha t there are wide differences i n 
the resul ts and the comparison with experimental data (eg Tanahashi 
(1970)) indicates that there i s good agreement achieved by one of 
Grieders model (Grieder (1970); the model refered to i s the IDFB 
which i s bas ica l ly a double f i r e b a l l model with a leading pion 
(isobar) produced ")» 
2~4 Summary 
The aim of t h i s chapter has been to give a broad ind ica t ion 
of the evolut ion of the techniques of extensive a i r shower 
s imulat ion. The comparisons which have been made are b r i e f 
because i t i s intended to compare those aspects which are appropriate 
to the present study i n d e t a i l i n l a t e r chapters. Table 2-1 gives 
a summary of the character is t ics of many of the models surveyed 
i n t h i s section together with the main points of in te res t concerning 
each model. 
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TABLE 2.1 
Author( s ) 
Model for In terac t ions 
Comments Scope of 
Simulat ions 







I n e l a s t i c i t y Transverse 
Moms ntum 









70g cm - - -





c a l c u l a t i o n s 








var iab le 
0 .5 f i x e d <P t>=0.4GeV/e 
Primary energy range 
10>3-10 1 5 eV. The. impor-
tance of e a r l y i n t e r a c t i o n s 
i n the cascade was 
emphasised 
The concept of 'back-
ward and forward cone' 
was introduced into the 
model for p i o n i z a t i c n , 
H i l l a s (1966) 
"Step-by-step" 
Technique: 
CKP model f o r 
i n t e r a c t i o n s 
E * f o r l 0 1 J e V 
P i 




- <P t>=0.35GeV/c 
Predicted the l a t e r a l 
d i s t r i b u t i o n of Mucns 
between 20-2000m f o r E > 0 .3 





i n t e r a c t i o n s 
inc luding single 
f i r e b a l l .double 
f i r e b a l l and 
mul t ip le f i r e -
b a l l . 
- - -. 
The aim of "-he work was 
a study of the a l t i t j d e 
variations of EAS. 
Observation l e v e l s 
considered wero ( 1 2 , 9 , 
5 . 2 , 3 . 3 , 2 . 3 ) k.,i. 
Cowsik (1966) 
1-dimensional 
d i f f u s i o n 
equation model 
inc luding the 
i sobar model of 





X =75 q cm 
P y 
X l r=120g cm" 2 
0.35*0.7 
The energy range W-JS 
1 0 1 3 - 1 0 1 6 e V . Copious 
nuclecn-ant inucleon 
production inc luded. 
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P 
md Log ( E p ) 
X =80 g cm" 2 
P 
X =120g era"2 
0.5 
• 
de Beer e t a l . 
(1966) 
de Beer e t a l . 
(1968) 
Ad cock et a l . 
(1968) 
Proton and 
iron i n i t i a t e d 
EAS (super-
pos i t ion 
used) 
3 . 2 ( E p r ; 
also a qiodel 
rith E "z" 
law. p 
80 g cm" 2 mean of 0 .5 
<P t>=0.4 GeV/c 
V comprehensive study 
paying p a r t i c u l a r a t t en t ion 
to those showors recorded 
at large zenith angles 
Prime i n t e r e s t i n estimating 
the mean p^ of pions 
produced i n high energy 
I n t e r a c t i o n s . S i ze of 
showers inves t igated 
M O 6 p a r t i c l e s . 
\imed a t determining the 
nature of the primary 
cosmic rays from 





f u l l Monte-
Car lo comput-
a t i o n . Proton 
and Iron 
nucleus i n i t i -
ated shov.ers. 
A p a r t i a l 
fragmentation 
model adop-.c-d 
for broak-up of 
heavy n r t i c l e . 
0.28 
i . 5 ( K E p ) 
a n d 0.22 
>.5(KE ) 
P 






d i s t r i b u t i o n 
f (p t >^P t exp 
' Ki 
: p t>=0.35GeV/c 
Simulations made i n the 
energy range 
1 0 1 4 - 1 0 1 6 eV. 
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Table 2-1 Continued 
Author(s) Scope, of 
Simulat ions 
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( P t ) 
Comments 
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considered was 1 0 l 3 - 1 0 l e e V 
Castagnol i 
e t a l 
(1969) 
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C a r l o 
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exp 
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showers (E < 1 0 l 6 e V ) 
P 
Suschenko & 
Fomin ( l968) 
3-dimensional 
Monte-Carlo 
s imulat ions . 
Normal CKP 
model used 
plus i sobars 
n =2x(KE ) * 
s p A =80g cm"
2 
P 
0 .45 <P t>=0.3 
GeV/c 
C a l c u l a t i o n s aimed a t making 
pred ic t ions for energet ic 
muons and pions i n small 
showers ( l O 1 * - 1 C 1 5 e V ) 
Capdevie l le 
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E "\. 1 0 1 5 e V 
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H i l l a s 
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'Super p o s i - : 
t i o n ' used for 










f ( P t ) a P e 
Energy ranee considered 
1 0 1 5 - 1 0 2 V 7 . The work of 
t h i s author has been used 
as a s t a r t i n g point f o r 
de ta i l ed c a l c u l a t i o n s of the 
electron-photon cascade(eg 
Marsden( l97 l ) ) , The model 
l a b e l l e d E i s the one most 
s i m i l a r to the pre ferred 





s imulat ions 
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I ngi ng 
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for heavy 
primary 
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:p t > =0.55 , 
0 .42 
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for primary energies 
19 i s 
10 - K T - e V 
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C H A P T E R T H R E E 
MODELS FOR INTERACTIONS AND COMPUTATIONAL TECHNIQUES 
3-1 The Aim of the Simulations 
The present work was commenced i n October 1971 with the 
spec i f i c aim of a id ing the design of improvements f o r the EAS 
experiment at Haverah Park° The Durham group had h i the r to been 
involved i n computer simulations of the muon component, of a i r 
showers to a small extent (Oxford and Turver (1968)); t h i s work v/as 
used as a s t a r t i ng point f o r the present study 0 
The Haverah Perk experiment i s b r i e f l y described i n Chapter 1 
as i t was at the time of commencement of t h i s worko Since the 
rate of detect ion of very high energy pa r t i c l e s i s governed by the 
c o l l e c t i o n area of the array (the f l u x of pa r t i c l e s with energy 
20 9 greater than 10 eV is probably not much above 1 per 100 km per 
year) i t seemed un l i ke ly that the array could be modified i n such a 
way as to detect even higher energy pa r t i c l e s at a usefu l ra te . 
However} a problem of equal importance, the determination of the atomic 
mass number of the primaries was amenable to so lu t ion and so i t seemed 
reasonable to consider improvements that would make the array more 
sensit ive to the primary pa r t i c l e mass. The simulations were 
developed to provide as broad a var ie ty of measurable (or possibly 
measurable) parameters as possible i n attempts to i d e n t i f y the 
optimum parameters f o r measurement. To t h i s end such aspects of 
the shower as the o p t i c a l Cerenkov r a d i a t i o n , not h i the r to considered 
e i ther t h e o r e t i c a l l y or experimentally i n the Haverah Park experiment, 
were calculated f o r each EAS„ 
A secondary aim of t h i s work, which assumed more importance a f t e r 
the improvements of the Haverah Park array had been spec i f i ed , was 
to i d e n t i f y models f o r the nuclear in terac t ions involved i n the 
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propagation of EAS through the Earth 's atmosphere i.e. . character is t ics 
of p-N and possibly N-N in teract ions at u l t r a -h igh energies. I t was 
hoped that on the grounds, of these simulations, at the leas t , some values 
of the parameters f o r these in terac t ions which cannot be ru led out 
at accelerator energies might be p o s i t i v e l y eliminated at a i r shower 
energieso For example , at accelerator energies the dependence of 
the m u l t i p l i c i t i e s of mesons produced i n nucleon-nucleon in teract ions 
upon the i n t e r a c t i o n energy E can be f i t t e d equally wel l wi th a law 
x 
of the form E * or log E , but at a i r shower energies the values of r . e r 
mul t ip l i c i t i e s ' de r ived from extrapola t ion of these laws d i f f e r g rea t ly . 
The calcula t ions have been undertaken b y ; the author> ;s 
Dr. K.E.. Turver , Dr. J„ Hough and GoJ. Smith, the work on the radio 
signal from EAS was done by J..H. and the op t i ca l Corenkov signal 
was largely the r e spons ib i l i t y of GJS. 
The Haverah Park experiment i s now being improved, as w i l l 
be described, i n Chapter 7, i n such a way as to increase the s e n s i t i v i t y 
to the atomic mass number of the primary p a r t i c l e . 
3 -2 The Requirement f o r a Single Model f o r Hich Energy Inte r e c t i on;; 
To use the resul ts of a computer model f o r EAS to make predict ions 
about the s e n s i t i v i t y of an array to the primary p a r t i c l e mass one 
must f i r s t es tabl ish the correctness of the assumptions used i n the 
modelo Since the available data are normally at energies several, 
orders.of magnitude lower than those applicable to EAS, the best 
tha t can be done i s to f i t th i s date a t low energies and then, ex t r a -
polate to higher energies. Thus the f i r s t requirement f o r assumptions 
used i n EAS models i s that they are a good f i t to data from accelerator 
experiments.. This i s not the only c r i t e r i a n ; the resu l t s obtained 
from the given simulation must also represent wel l our present 
knowledge of many aspects of EAS0 For example , c e i t a i n equations 
r e l a t i n g the m u l t i p l i c i t y of mesons produced i n p-N interact ions 
to the i n t e r ac t i on energy can be discarded because they produce 
EAS incompatible wi th those observed i n spite of the f ac t that they 
appear to agree wi th the accelerator data reasonably w e l l (see 
§ .3-4 .1 and F i g . 3 -2) . 
In addi t ion to these requirements f o r a preferred model, the 
computation f o r f l u c t u a t i o n studies (Chapter 6) would be p roh ib i t i ve 
i f a single preferred model could not be chosen0 
A f t e r a b r i e f survey of the main theories of nucleon-nucleon 
u l t r a - r e l a t i v i s t i c i n t e rac t ions , the data available from the accelerate 
experiments i s reviewed leading to the choice of the parameters f o r 
the 'normal* model. 
3-3 Models f o r High^ Energy,, Interaction!; 
In the l as t twenty- f ive years, during which major advances 
have been made i n elementary p a r t i c l e physics, there have been 
many d i f f e r e n t models proposed to describe u l t r a - r e l a t i v i s t i c 
nucleon-nucleon in te rac t ions . 
The simplest approch i s to assume that the nucleon-nucleon 
in t e r ac t i on i s so strong that the p r o j e c t i l e , and target stop 
each other i n the centre of mass systenio As a l l the k i n e t i c energy 
i s now dissipated i t might be reasonably expected that the number 
of produced pa r t i c l e s be d i r e c t l y proport ional to the centre of 
mass energy, E^ E^ (E^ being the laboratory energy) but t h i s i s 
false,, Fermi (1950) neglected the in terac t ions among the produced 
pa r t i c l e s and assumed the p r o b a b i l i t y that the c o l l i s i o n produced some 
f ina l . . s t a t e which was proport ional to the phase space available 
inside a contracted nuclear volume, V = ^ T T ( ^—Y* ( ); the 
J m E ' 
t r . i i c 
m u l t i p l i c i t y was predicted to increase ].as._ (E ) 2 a E 4 which i s 
C i-i 
not inconsistent wi th present experimental evidence. 
A weak point i n t h i s type of theory i s a composition f o r the 
produced pa r t i c l e s d i f f e r i n g from that observed. At high energy 
the r e l a t i v e p a r t i c l e abundance is determined only by t h e i r i n t e rna l 
(charge and spin) degrees of freedomo Therefore the r a t i o of average 
numbers of nucleons (p, p , n , n) each having two spin s tates , kaons 
(K^ , K , K°s K ) and pions i 7 T } 1 T 0 ) should be 
<n.,> : <n„> :<n > = 8: 4: 3 compared with experimental 
values <nN> '• <n%> 5 <n >= Is 20i 1000.This may be remedied by 
assuming tha t the 'temperature' of the s t a t i s t i c a l hadrcn system 
cannot exceed some bound x ~ m (Hagedorn(1965) ) . A fu r the r 
o if 
d i f f i c u l t y of the model i s that transverse and long i tud ina l momentum 
are treated symmetrically and so the observed.transverse momentum 
cut o f f j s not reproduced.. 
The simplest way of achieving dominance of long i tud ina l momentum 
over transverse momentum i s to assume tha t both the target and the 
p r o j e c t i l e each produce a Fermi s t a t i s t i c a l ' f i r e b a l l ' e i ther 
d i f f r a c t i v e l y or by pion exchange. The two f i r e b a l l model was 
proposed about f i f t e e n years ago as a phenomenological descr ip t ion 
of mul t ip le meson production at high energy. The model was suggested 
by the f a c t that i n high energy in terac t ions observed i n photographic 
plates the secondaries are emitted i s o t r o p i c s l l y from two centres 
(Cocconi (1958)). I t was proposed that i n nucleon-nucleon in teract ions 
two f i r e b a l l s are formed and move i n opposite d i rec t ions wi th respect 
to the centre of momentum of the system and that each f i r e b a l l emits 
i n i t s own system of reference about ha l f the t o t a l number of secondaries 
(See F i g . 3-1(a)) . I t i s also possible to include d i f f r a c t i v e e x c i t a t i o n 
of the leading p a r t i c l e s . The m u l t i p l i c i t y i s predicted to increase 
x. 
as E^* t r ea t ing the f i r e b a l l s i n analogy to the Fermi s t a t i s t i c a l 
model; however the observed transverse momentum c u t - o f f i s now 
reproducedo The CKP momentum d i s t r i bu t ion . (Coccon i , Koester and 
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Perkins ( l 9 6 l ) ) i s based on data f o r p - l i g h t nucleus in te rac t ion frcm 
accelerators up to 1961 and i s consistent with the two f i r e b a l l model. 
At high energies} however, the assumption of isotropic, decay 
of the f i r e b a l l i s very dubious as can be seen by consideration 
of the c o l l i s i o n ep+eX. Only one f i r e b a l l i s produced i n t h i s 
i n t e r ac t i on but the momentum d i s t r i b u t i o n i s found to be not 
i so t rop ic at high energy (Benecke et a l ^ ( l 9 6 9 ) ) . 
Once the cond i t ion o f ' i s o t r o p y i s relaxed the leading par t i c les 
need no longer be considered separately from the 'p ion iza t ion ' products 
and a p ic ture where the p r o j e c t i l e and target pass through each other 
becoming excited and subsequently fragmenting becomes reasonable. 
This i s the approach of the l i m i t i n g fragmentation hypothesis 
(Eenecke et a l i ( l 9 6 9 ) ) ; scal ing is predicted since the d i s t r i b u t i o n 
o f target and p r o j e c t i l e fragments are both assumed to approach 
l i m i t i n g values i n the target and p r o j e c t i l e res t frame respect ively . 
Feynrnan (1969) considers a hadron to consist of a large number of 
constituents or partons ( v i r t u a l p a r t i c l e s ) which have small in te rna l 
momentum and hence the t o t a l parton momentum i s simply a f r a c t i o n 
p n 
of the hadron momentum x = ^ - , In a high energy c o l l i s i o n the 
c 
hadron i s broken into i t s v i r t u a l constituents and i t i s assumed 
that on becoming ' rea l* the momentum i s not a f f e c t e d . Hence the 
produced pa r t i c l e momentum spectrum depends only on the r a t i o of "the. partDT\ 2W*dl 
I x ^ \ r - J ^ r a t h e r than both separately. The m u l t i p l i c i t y of produced 
pa r t i c l e s i s predicted to grow logar i thmica l ly wi th laboratory 
energy (Van Hove (1971 ))<, Furthermore, although scaling allows the 
momentum d i s t r i b u t i o n of produced pa r t i c l e s to be any universal 
f unc t i on of x,the number of pa r t i c l e s shown i n the centre 
of mass are not expected to increase wi th energy as they are 
from the two f i r e b a l l model. At low energies scaling i s not 
expected to be applicable and i t i s therefore reasonable that the 
28 
experimental evidence supports CKP. However, impressive evidence 
has been produced (Albrow et a l . ( l 9 7 3 ) ) to support the idea of 
scaling from 20 GeV up to the ISR energies (^1500 GeV)„ The 
p o s s i b i l i t y of scaling may be incorporated in to the f i r e b a l l 
model by al lowing the f i r e b a l l s to be produced along a mul t iper ipheral 
chain (see F i g . 3-1 ( b ) ) . In t h i s model the number of f i r e b a l l s 
would increase loga r i thmica l ly wi th energy and the momentum d i s t r i b u t i o n 
would on average scale. 
In summary} the r e l a t i v e l y low energy nucleon-nucleon c o l l i s i o n 
data i s best accommodated by the semi empirical t w o - f i r e b a l l 
model. The model may be extended to higher energies and incorporate 
scaling by mul t iper ipheral production of several f i r e b a l l s . The 
most recent data from accelerators precludes the p o s s i b i l i t y of a 
simple two f i r e b a l l model a t high energies. A de ta i led review of 
mul t ip le production of hadrons at cosmic ray energies has been 
majte by Feinburg (1972V 
3-4 Experimental and Theoret ical Cor.siderstions Involved i n the 
Choice of Parameters f o r the 'Normal' Model 
3-4.1 M u l t i p l i c i t i e s 
There i s a great deal of controversy about the form of the 
r e l a t i o n between the energy of i n t e r a c t i o n , E^, and the number of 
secondary pa r t i c l e s produced, n g o The scaling hypothesis 
(Feynman (1969)) predicts a logari thmic r ise of n with increasing 
S 
E and indeed as f a r as accelerator data i s concerned there is o 
l i t t l e to contradic t t h i s . The double f i r e b a l l model (Cocconi 
_i 
(1958)) indicates an E * law and a simple form of single f i r e b a l l 
P a 
or thermodynamic model predicts an E.^2 m u l t i p l i c i t y law. 
F i g . 3-2 shows a review of the data on m u l t i p l i c i t i e s of 
charged mesons produced i n protcn-protcn in terac t ions that have 
become avai lable i n the l as t f i f t e e n years; the compilation was made 
o 
- n I i rT-TTnrTHTT"pnnrT^ 
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by Grieder (1971) ana recent data have been added. The data from 
the Echo Lake experiment (Jones e t al- '(l970.)) shown i n t h i s diagram 
have recently been revised (Jones e t a l . ( l 9 7 3 ) ) and are now i n • 
agreement with -the data from the I.S.R. experiment (Antinucci et a l l 
(1973)) 0 The highest energy f o r which data from acceleratpr-.experiments 
available i s 1500 GeV i n the laboratory system. 
Since the data are widely scattered i t i s d i f f i c u l t to discount 
any of the m u l t i p l i c i t y laws mentioned above. A logari thmic law 
has been f i t t e d to the data of Antinucci e t a l . ( n "*~°=4.60 In E - 4.61) 
3 p _ 
and t h i s i s denoted by l ine CD (The revised data from the Echo Le.ke 
experiment are f i t t e d by t h i s m u l t i p l i c i t y law) . Line (j^) shows an 
law f i t of the data f o r p-p in teract ions and l ine Q) corresponds 
to a simple picture of the m u l t i p l i c i t i e s expected f o r p-^Air in teract ions 
on the basis of l ine (2) , Line (3) has been used f o r the 'normal' 
model and corresponds to 
n 0 = 3.2 E 4 f o r p-Air . interact ions 
s P H 
the assumption i s incorporated that the increase i n m u l t i p l i c i t y 
when nucleus, rather than nucleon, targets are considered is A^*^" 
where A i s the atomic mass number of the target nucleus 
1 , 6 °s M x 1.6 f o r the CNO group-P"N p-p J ^ 
This assumption is discussed f u r t h e r i n 83-4.2 
There are data available at higher energies than shown i n F i g . 3-2 
which come from cosmic ray experiments. These could oe interpreted 
as suggesting a m u l t i p l i c i t y increasing as f a s t as E^ 8 (Fowler (1963)) 
but tend to be based upon measurements of single events and therefore are 
not conclusive. Further) the high energy m u l t i p l i c i t y data or ig ina te 
exclus ively from emulsion experiments (where the targets are nucie i ) 
which poses a number of questions on the i n t e r p r e t a t i o n of the data. 
« 
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C l e a r l y 9 one of the main requirements i s to determine how p-N 
c o l l i s i o n s d i f f e r from p-p c o l l i s i o n s . 
i_ 
Although a dependence of the m u l t i p l i c i t y of the form E^ 4 
has been used i n the 'normal ' model, simulations have been made of 
air.showers using models incorporating d i f f e r e n t re la t ions to 
investigate the importance of th i s assumption; the resu l t s w i l l be 
discussed i n § 4 - 5 . 5 . 
3-4.2 The C o e f f i c i e n t of I n e l a s t i c i t y 
The f i r s t s t a t i s t i c a l theory attempts of mul t ip le production 
treatment (eg.Fermi ( l 9 5 i ) , Landau (1953)) proceeded from the idea 
tha t a l l the energy of c o l l i d i n g hadrons i s spent f o r the generation 
of new p a r t i c l e s . However, studies of EAS at tha t time showed that 
under c o l l i s i o n with an a i r nucleus a nucleon generally releases 
only a small part of i t s energy, —0.3 - 0 .5. This important 
charac ter i s t ic - the c o e f f i c i e n t of i n e l a s t i c i t y has a wide 
d i s t r i b u t i o n but the mean value i s found to be independent of energy 
i n the range 25 < E L < 3000 GeV (Feinburg ( l972))» Recent 
estimates deduced from experiment under the supposition tha t the 
in t e rac t ion process i s developing according to the two f i r e b a l ] 
scheme give <K> p p = 0.43 and <K > p C = 0..67 (Jones e t a l (1970)) 
In the present work a value of 0.5 has been assumed f o r the 
i n e l a s t i c i t y of the p-N in terac t ions and allowance has been made 
f o r intranuclear cascading as w i l l be described i n § 3 - 4 . 3 . In the 
Monte Carlo and Hybrid computational procedures the value of the 
i n e l a s t i c i t y was allowed to vary as described by the f u n c t i c n : -
P(K)dK = - 2.045 x ( l - K ) l o 4 3 x l n ( l - K ) 
Brook et a l , ( l964)o This func t ion has a mean value of K = 0 .5 . 
Accelerator data a t lower energies and cosmic ray calorimeter 
and hadron at tenuation length measurements at higher energies, 
indicate that the pion a i r nucleus i n e l a s t i c i t y , , l i e s between 
0.8 and 1.0.. Furthermore, a Value approaching uni ty i s consistent 
wi th the experimental evidence f o r lack of leading pions i n p ion-
nucleus in t e rac t ions , (see § 3 - 4 . 7 ) . 
3-4.3 The Relation between the M u l t i p l i c i t y i n p-p and p-N 
Interact ions 
The data o n - m u l t i p l i c i t i e s at high energies from accelerators 
r e f e r mainly to proton-proton in te rac t ions . In EAS simulat ions, 
however, data f o r proton-air nucleus in teract ions are more relevant . 
I t i s therefore necessary to es tabl ish a re la t ionsh ip between the 
m u l t i p l i c i t y i n p-p in t e r ac t ions , n and the m u l t i p l i c i t y i n 
S (p -P) 
p-N in t e rac t ions , n . One would expect i n t u i t i v e l y the 
S (p -N) 
number of mesons produced i n p-N in terac t ions to be higher than 
the number produced i n p-p in terac t ions because of the p o s s i b i l i t y 
of intranuclear cascading w i t h i n the nucleus* The hydrodynamical 
theory of Belenky and Landau (1954) indicates that f o r c o l l i s i o n s 
of two nuclei of atomic mass, A, the dependence of the m u l t i p l i c i t y 
on A i s of the form n g a A ' and one would not expect any stronger 
dependence i n p-N interactions.. A survey of m u l t i p l i c i t e s obtained 
from experiments using emulsions (nucleus targets) and hydrogen 
bubble chamber (nucleon ta rge ts ) by Hough (1971) suggests agreement 
0, i g 
w i th such an A ' dependence. Therefore f o r the 'normal ' model the 
re la t ionsh ip 
n = 1.6 x n 
5 (p -N) 5 ( p - p ) 
was used and assumed to be energy independents However, t h i s survey 
was confined to energies up to 10 GeV and can be improved upon i n the 
l i g h t of recent ly available data. This r a t i o has been considered 
i n a recent review by G o t t f r i e d (1973) and he f i n d s the value of 
n 
S / _ ^ s 
— — to be 1.68 + .06 f o r an incident laboratory momentum of n ' 
5 (P -p ) 
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r-200 GeV/co At energies higher than th i s G o t t f r i e d has produced a 
value f o r t h i s r a t i o by using n measured i n cosmic ray emulsions 
5 ( p - N ) 
and n by extrapolat ing from accelerator data- The values quoted 
S ( p - p ) 
at an energy of 8 TeV are 
" S ( p - N ) = f l o 6 3 ± ° 1 2 i f CTinel a c o n s t 
"s# A V 2.11 + . 1 * i f °\ ,cdn 2s (p-p) v - i n e l 
Dar and Vary (1972) have made a study of the values of t h i s 
r a t i o predicted by various m u l t i p a r t i c l e production models. They 
show that i f an accurate measurement of i t could be made at very 
high energies i t would be useful as a simple t o o l f o r d is t inguishing 
between mechanisms f o r m u l t i p a r t i c l e production i n elementary 
p a r t i c l e c o l l i s i o n s . Fig„ 3-3 shows the predict ions of these authors 
f o r the r a t i o of n / n as a func t ion of energy from f i r e b a l l 
• S ( p - N ) . S ( P - p ) 
type models. Also shown are the values (based on measurements) of 
t h i s r a t i o given by G o t t f r i e d (1973) and Lohrmann and Teucher (1962). 
3-4.4 The Mean Free Path f o r Prfrton-Nucleus I n t e r a c t i o n s « X 
I n order to calculate the mean f ree path of protons i n a p a r t i c u l a r 
medium i t i s necessary to know the in t e rac t ion cross sec t ion ,a j since 
c o l l i s i o n lengths are based upon the values of o thus 
p N Q a 
(N i s the number of molecules per gram). 
I t i s wel l known that 
2 & 
O = i r r A 3 where r = 1.26 x 10 cm 3„1 o o 
This value of a i s based upon measurements made by Ashmore et a l« 
(1960) on the absorption of 24 GeV protons. I t should be noted 
that t h i s re la t ionship holds only f o r targets wi th A > ^ 4 since 
the l i g h t e s t nuclei e x h i b i t a ce r t a in transparency and the true 
absorption cross sections are 20-40/0 lower than the values given by 
10 
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Eq. 3.1 .For the absorption of protons iQ the atmosphere (A=14) one f i nds 
value of 0^95 r i i i l l ibarns which corresponds to a mean free path of .~80g cm " 
At the time when the parameters to be used i n the 'normal' model 
were decided upon the evidence from accelerator and cosmic ray data 
pointed to an energy independent in te rac t ion cross.section; a constant 
-2 
value of 80 g cm was therefore adopted f o r the mean f ree path, of 
protons i n a i r« However, recent data obtained from accelerators 
indicate that the proton-prcton ine l a s t i c cross-section increases 
wi th energy above ^-300 GeV. F i g . 3-4 shows t h i s r i se which has now 
been established to a laboratory momentum of 1500 GeV/c (Morrison 
(1973)). The energy dependence of the t o t a l cross section given 
by Leader and Meur (1973) i s of the form 
° t o t = 38.4 + 0.49 x I n 2 ( fe) m b 3 ' 2 
where s i s the cms energy i n GeV. Yodh} Pal and T r e f i l (1972) have 
suggested on the basis of cosmic ray data> values i n substant ia l 
agreement wi th t h i s conclusion. 
I f we consider a primary proton of energy 10 GeV i n the laboratory 
system then using s = 2m (m + E ) i t i s found that 0 . 4=38.5 mb; 
p p I* "CO i* 
f o r a primary proton of energy 10 8 GeV the value of n a s r i s e n 
to 87.4 mb. By making the assumptions that t h i s r i s e i s due to 
the i ne l a s t i c cross section r i s i n g and that a s i m i l a r r i se is 
present i n the cross section f o r proton-nucleus in te rac t ions} the 
conclusion may be reached that i f 
X =. 80 g.cm" 2 at 10 GeV p-N y 
then X = 23 g . c n f 2 at 108GeV p-N y 
F i g . 3-5 shows the predicted f a l l of the mean free path f o r protons 
i n a i r together wi th an a r b i t r a r y curve of the form 
X = 9 3 . E r - ° - 0 6 6 p-N L 
which was used i n i n i t i a l simuletions (Dixon et a l . ( l 9 7 3 ) ) . 
1000 — 
Incident Laboratory Energy (GeV) 
Figure 3 „ 4 
The energy dependence of the 
ine las t i c cross section for 
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3 -4 c 5 Pion-Nucleus I n t e r a c t i o n s 
I t i s assumed here t h a t p ion nucleus i n t e r a c t i o n s are very 
s i m i l a r t o p ro ton-nuc leus i n t e r a c t i o n s except f o r the c o e f f i c i e n t 
o f i n e l a s t i c i t y , which i s taken t o be u n i t y , and the mean f r e e 
p a t h . 
A value o f 80 g cm ^ has been assumed f o r X i n the ' n o r m a l ' model 
P 
and a value o f 120 a cm *~ was taken f o r X » Th is mean 
f r e e path was assumed to be energy independent.. 
E x p e r i m e n t a l l y i t i s found t h a t p"rrN = 0 .62 + .02 ( G i e c o m e l l i 
(1972)). I f one assumes t h a t t r ^ , and are p ion dominated 
and f r a c t i o n i z a t i o n ho lds , a simple r a t i o model may be used t o 
d e r i v e a l~ TTP 
a _„ = i ( a ( 7 r + » p ) + a d f - . p ) ) = 0.62 a 3,3 
TT P * PP 
Al though the re i s no f i r m evidence t h a t a shows the same r i s e wi th . 
np 
energy as a t h i s i s a p o s s i b i l i t y t h a t should be c o n s i d e r e d , p-p 
From equat ions 3-2 and 3-3 the r i s e i n the value o f a i s p r e d i c t e d 
to be 
\-P " " v 122 a _ = 23 .8 + 0.3 l n ^ ( , ^ ) 3 . 4 
The consequences o f v a r y i n g w i t h energy as suggested by Eq n 3 . 4 
are discussed i n Chapter 4 o 
3 - 4 . 6 The Eneroy D i s t r i b u t i o n o f Secondary Mesons 
3 - 4 o 6 . 1 L o n a i t u d i n a 1 Momontum 
The two f i r e b a l l model f o r h igh energy i n t e r a c t i o n s descr ibed 
i n § 3 - 3 p r e d i c t s the p r o d u c t i o n of pions i n two w e l l c o l l i m a t e d 












each cone . c o n t a i n i n g approximate ly h a l f o f the p a r t i c l e s produced 
i n the.: i n t e r a c t i o n 
Since f o r speed o f computat ion i t i s eas ie r t o work i n the 
l a b o r a t o r y system than i n the cms, one u s u a l l y uses an approx imat ion 
of the t r a n s f o r m a t i o n o f the momentum d i s t r i b u t i o n f rom the centre 
of mass sy stem t o the l a b o r a t o r y system which can be expressed as the 
sum o f two exponen t i a l s r e p r e s e n t i n g rough ly the backward and f o r w a r d 
moving p a r t i c l e s ( the s o - c a l l e d backward and fo rward cones) . The 
d i s t r i b u t i o n i s 
* ^ • i e " V f ( E L ) d E L = C ( f j e \ + ^ ) dE^ 3„4 
i n which U and T are the mean l a b o r a t o r y system energ ies i n the 
backward and f o r w a r d cone r e s p e c t i v e l y « This d i s t r i b u t i o n was sug-
gested by Cocconi Kcester and Perkins (1961) and i s a' good f i t t o prfie 
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lo.w energy da t a . A t cosmic ray energ ies ( ^ 1 0 GeV) the re i s some 
i n d i r e c t c o n f i r m a t i o n o f t h i s f r o m emuls ion measurements o f the 
energy o f Y r a Y s f r o m the decay o f i r ° mesons produced by c o l l i s i o n s 
o f cosmic ray p r i m a r i e s (Fowler and Perkins (l964))<> To c a l c u l a t e ' 
the mean backward and f o r w a r d cone energ ies the i n e l a s t i c i t y and 
the number o f secondaries must be known. 
T = Y ( V + 3 T T ) u = y ( V - B T T ) 
s s s s 
where V = energy o f p a r t i c l e s i n cms 
* 2 2 4 7T = p^ = V -m^ c where E p i s the 
U + T •-- { n x — r — = Const, x E * = E energy and E is s 2 p r J r 
and •' U + T 
incident proton 
e er   E r is 
the energy radiated 
= Y V 
2 V 
. \ V - _ f r 
n v s ' s 
The centre of mass system has a Lorentz factor y given by' 
s 
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w where E = E i n the 
_ ( 1 + - — ) P . 
m c ^ case o f an i n c i d e n t p r o t o n 
P 
Thus T and U may be c a l c u l a t e d f o r p ro ton nucleus i n t e r a c t i o n s . 
The energy spectra o f secondary mesons f r o m p ion-nucleus 
i n t e r a c t i o n s are d e a l t with, i n a s i m i l a r manner. I n t h i s casc> 
however, the system i s 3ssumed t o behave k i n e m a t i c a l l y as though 
t h j i n c i d e n t p a r t i c l e i s a ' g h o s t ' nucleon w i t h energy E = E / k wKeDS. K tS 
c o e f f i c i e n t o f inel f ls t ic i tM P 
. and fcha-fe E i s r a d i a t e d i n the form of p i o n i z a t i o n . This f o l l o w s 
A p ^ 
suggest ions by Saltzman and Sattzman (1960) and was a l so used by 
Hi l i a s (1972) i n h i s s i m u l a t i o n s . I n t e g r a t i o n o f Eq. 3 - 4 g ives 
an express ion f o r the t o t a l energy r a d i a t e d i n the l a b o r a t o r y 
system namely E = C(lJ + T) i n which C = __s . The d i s c u s s i o n 
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o f r ecen t a c c e l e r a t o r data i n § 3 - 3 leads to the conc lus ion t h a t the CKP 
d i s t r i b u t i o n does not p r e d i c t the momentum spectra o f secondaries i n 
h i g h energy i n t e r a c t i o n s c o r r e c t l y . However, a t the time- when 
the parameters f o r the ' n o r m a l ' model were chosen the evidence 
aga ins t CKF was not s t rong and i t s a b i l i t y to desc r ibe the momentum 
spectra observed i n r e l a t i v e l y low energy i n t e r a c t i o n s l e / d t o i t s 
cho i ce . The consequences of s c a l i n g w i l l be d iscussed i n § 4 - 5 o 7 » 
3-4 .6 .2 Transverse Momentum 
The mean t ransverse momentum <P .^> o f secondaries f r o m h igh 
energy i n t e r a c t i o n s i s d i f f i c u l t t o study d i r e c t l y and there i s 
some con t rover sy about the value o f t h i s parameter and also about 
i t s energy dependence. One o f the most c h a r a c t e r i s t i c f e a t u r e s o f 
c o l l i s i o n s seen i n emulsions i s the c o l l i m a t i o n o f the products^ 
i n t h e cms the produced p a r t i c l e s move w i t h i n two narrow cones i . e . 
w i t h smal l t ransverse momenta. A t ve ry h igh energy the measurements 
of momenta i s a d i f f i c u l t problem and so p ^ - d i s t r i b u t i o n s i n 
3 6 
i n d i v i d u a l events are s tud ied o n l y up to E ^ ^ l O - 1 0 GeV. For 
h ighe r energies the angular d i s t r i b u t i o n o f e n e r g e t i c " p a r t i c l e 
f l u x e s i n EAS i s e x p l o i t e d . Such i n v e s t i g a t i o n s p o i n t t o a g r a d u a l l y 
s 
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i n c r e a s i n g value o f < p^> u n t i l a constant value o f ^ 0 . 4 GeV/c 
i s reached. 
F i g . 3-6 shows the i n t e g r a l p ^ - d i s t r i b u t i o n s f o r f o u r energies 
on a s emi loga r i t hmic scale according to Fcwler and Perkins (1964) e 
W i t h i n the i n t e r v a l o f 0 . 1 < p^ . < l o5 GeV/c the i n t e g r a l d i s t r i b u t i o n s 
are e x p o n e n t i a l w i t h a slope decreasing as E^ increases . Thus the 
d i s t r i b u t i o n ( f o r a given E^) i s 
n (>P^.) ^exp ( - cons t , p ^ ) 
The CKP d i s t r i b u t i o n of t ransverse momentum as used, i n the normal 
model i s : 
P t P t d P t 
dn (p ) dp t = ( ^ ) exp ( - — ) — 
'o r 0 o 
< p t > / 
when p Q - , A value o f 0.4 GeV/c was adopted f o r <P^> 
a t a l l i n t e r a c t i o n energieso 
There i s some evidence af h i g h <P^> values a t cosmic ray energi.es 
f r o m Bohm e t a l . ( l 9 6 7 ) , Matano e t a l , (1967 ),Bakich' e t a l ,(1967) and, 
more r e c e n t l y , f r o m Hazen e t a l , (1973) . The r e s u l t s were achieved 
by s tudy ing the s t r u c t u r e o f the core of a i r shcwers* I n p a r t i c u l a r 
Hazen e t a l used a 1.5m x 2m c loud chamber t o i n v e s t i g a t e EAS w i t h 
more than one co re . They have recorded one event which seems t o 
i n d i c a t e a < P^. > o f 9 GeV/c and are s t i l l ana lys ing o t h e r s i m i l a r 
cases- However } t h i s evidence i s by no means conc lus ive and s ince 
a t a c c e l e r a t o r energies most exper imenta l data suggests a n-ear 
constant value o f <p^> of ^ . 4 Gev/c (Feinburg (1972)'), t h i s i s 
the value t h a t has been adopted f o r the m a j o r i t y of the present work . 
E l b e r t e t a l , ( l 9 6 8 ) , us ing data f r o m c o l l i s i o n s o f 25 GeV TT~ 
mesons i n the 80 inch Brcokhaven hydrogen bubble chamber, have 
produced evidence f o r a p - d i s t r i b u t i o n of the fo rm 
3 / 2 
d n ( p t ) = B p t exp ( - b p t ) dp t 
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Using t h i s p .^ d i s t r i b u t i o n r a t h e r than the CKP p^ d i s t r i b u t i o n i s 
found t o make n e g l i g i b l e d i f f e r e n c e t o the r e s u l t s by' H i l l a s and i n the 
present work. 
3 -4 .7 I sbar P roduc t ion 
Peters (1962) suggested t h a t nucleon i sobars c a r r y away 
almost the whole of the a v a i l a b l e cms energy thenihe subsequent 
decay pions ca r ry away energy which r i s e s l i n e a r l y w i t h 
p r imary energy. This i s i n c o n t r a s t to the less steep r i s e o f ^ t h e 
energy o f the p ions f r o m the p i o n i z a t i o n process . The assumption 
o f a two f i r e b a l l model does not preclude the ex i s t ence o f f a s t 
p ions f r o m baryon decay as shown i n F i g . 3-1 (a )» 
Al though i sobars have been observed r e a d i l y i n a c c e l e r a t o r s , at" low 
energies the p r o d u c t i o n cross s e c t i o n appears t o become q u i t e 
smal l a t - h i g h energies . - • For example, i n the work o f Bo'ggild 
e t a l . ( l 9 7 l ) the p i o n momentum d i s t r i b u t i o n f i t s an exponen t i a l 
up to the h ighes t values o f momentum and no evidence i s found o f 
a separate group o f f a s t p i o n s . Counter data by A l l a b y et<al(l972) 
a t 19.2 GeV/c also shows no evidence f o r s t r ong i sobar p r o d u c t i o n 
i n examining ir + spec t r a . A t cosmic ray energies the data i s 
o f t e n c o n t r a d i c t o r y . The Russian group (Azimov e t a l ( 1 9 6 4 ) ) , us ing 
a magnet c loud chamber f i n d a few percent o f the i n t e r a c t i o n s 
c o n t a i n i n g a h igh energy secondary which does not f i t the main 
d i s t r i b u t i o n o f p i o n s . However, Jones e t a l . ( l 9 7 0 ) i n the Echo 
Lake experiment f i n d no evidence o f h i g h energy p ions f r o m t h e i r 
angular d i s t r i b u t i o n s * 
As a r e s u l t o f s tudy ing a v a i l a b l e data i t was decided to omit 
i soba r p r o d u c t i o n i n the ' n o r m a l ' model; however, the e f f e c t on 
the s i m u l a t i o n data o f i sobar p r o d u c t i o n has been i n v e s t i g a t e d and 
i s descr ibed i n § 4 - 5 . 6 
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3-5 The Computat ional Procedure 
3 - 5 . 1 I n t r o d u c t i o n 
The p resen t s tudy has :been made us ing t h r e e computa t iona l ' 
procedures f 6 r the s imula t ions . ! These a r e : -
( i ) s tep-by-s tep technique , 
( i i ) Monte-Carlo t e c h n i q u e , 
and ( i i i ) ' h y b r i d ' technique ( i n v o l v i n g a combina t ion of ( i ) and ( i i ) ) . 
I n the e a r l y stages of a l a rge programme of a i r shower s i m u l a t i o n 
i t i s d e s i r a b l e to have a t l e a s t two independent techniques f o r 
s i m u l a t i n g EAS so t h a t conf idence i n the computa t iona l accuracy may 
be e s t a b l i s h e d . There fore a t the s t a r t o f the present work procedures 
( i ) and ( i i ) were produced; the. r e s u l t s were seen t o be i n agreement,, 
the reason f o r the i n t r o d u c t i o n of ( i i i ) was to enable f l u c t u a t i o n 
s tud ies t o be made a t energies M O ^ e V „ (The Monte-Carlo technique 
uses a g rea t dea l o f computing t ime and because o f t h i s the pr imary 
energy o f the a i r showers i t can be used t o s imula te i s r e s t r i c t e d 
t o % 1 0 1 6 e V ) . 
The main f a c e t s o f these s i m u l a t i o n techniques w i l l now be 
b r i e f l y described. . 
3 -5 .2 The Choice o f Energy and Atmospheric Depth I n t e r v a l s f o r 
the C a l c u l a t i o n s 
Throughout the c a l c u l a t i o n s the energy i n t e r v a l s employed have 
been q u a r t e r decades such t h a t 
E = I 0 ( i " 4 ) / 4 GeV 
where E i s the m i d - b i n energy and i i s the b i n number (see F i g . 3 - 7 ( a ) ) . 
C e r t a i n o f the i n i t i a l s i m u l a t i o n s were made us ing l / f decade energy 
b ins and the d i f f e r e n c e s found between these r e s u l t s and r e s u l t s f o r 
the same showers us ing T decade energy b ins were found t o be n e g l i g i b l e 
( P i c k e r s g i l l ( 1 9 7 3 ) ) . 
Bins 
Energy 
J L _ L L _ L 
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The atmosphere was d i v i d e d i n t o 40 i n t e r v a l s each o f 25.8 g.orr. 
the b i n corresponding to i = 1 being a t the top o f the atmosphere 
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w i t h i t s centre a t a depth o f 12-.9 g -cm . 
"2 / \ 
The convers ion f r o m atmospheric depth i n g.cm. ( x ) to 
he igh t above sea l e v e l i n km (h) was made us ing the f o l l o w i n g 
equa t ions : 
when x > 25 3„3 / (<3os (0 ) i e . t h e t roposphere 
( x V 1 7 8 9 
h = J 1 " feo30 x sec ( 6 ) ' 
.0216 x Gos (6) 
and f o r x < 253.3/Cos (e) 
h = 46.04 - 6.457 x loo ( x . Cos 9 ) -'e ' 
Cos (6) 
Th i s i s a r e p r e s e n t a t i o n o f the standard atmosphere f r o m the 
Uni ted Sta tes A.5.r Force Handbook o f Geophysics ( l 9 6 0 ) „ 
3-5.3 The Step-by-s tep Method 
3-5o3 .1 I n t r o d u c t i o n 
This method of s i m u l a t i n g a i r showers developed by Dedenko 
(1966) and H i l l a s (1966) was designed t o p r e d i c t the average 
development o f EAS i f a c e r t a i n se t o f parameters f o r the nuclear 
i n t e r a c t i o n s was assumed i . e . i n e l a s t i c i t y * mean f r e e path e t c 
The g rea t e s t value o f such a method o f s i m u l a t i o n l i e s i n i t s 
a b i l i t y t o t e s t the e f f e c t s o f changes o f va lues f o r parameters 
i n the model. I t can , o f course , g ive no i n d i c a t i o n of t h e 
f l u c t u a t i o n s i n observables t h a t would be expected., 
3 - 5 . 3 . 2 The Nucleon Cascade 
The c a l c u l a t i o n o f the number o f pions o f va r ious energies 
produced a t d i f f e r e n t depths i n the atmosphere i n the nucleon 
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cascade was approached i n the f o l l o v / i n g way<> 
( i ) An ar ray P N ( i x , i ) was formed us ing the Monte-Carlo technique 
which conta ined the p r o b a b i l i t y o f a nucleon i n t e r a c t i n g w i t h an 
a i r nucleus i n the depth b i n i x f o r the i t h t i m e 0 The average 
number o f t imes t h a t a nucleon w i l l i n t e r a c t wh i l e t r a v e r s i n g the 
atmosphere i s 12 o r 13 but there i s a - f i n i t e p o s s i b i l i t y t h a t many 
more i n t e r a c t i o n s may occur ; the p r o b a b i l i t i e s were t h e r e f o r e 
computed f o r up t o 30 nuclecn i n t e r a c t i o n s . . F i g D 3-7 (b) shows 
q u a l i t a t i v e l y the way i n which the p r o b a b i l i t i e s f o r the f i r s t t h r ee 
genera t ions vary as a f u n c t i o n o f depth i n the atmosphere. Th i s 
a r r ay was computed assuming an energy independent mean f r e e path 
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of 80 g cm f o r nucleons i n a i r . 
( i i ) The number o f pions and t h e i v energies t h a t were produced 
by nucleons w i t h energies corresponding to each i n t e r a c t i o n were 
computed as discussed i n § 3 - 4 . 5 . . An a r r a y N-^E^ ( i ) , i e ) was ob ta ined 
where E ^ ( i ) was the p ro ton energy corresponding t o the i t h i n t e r a c t i o n 
o f the p r imary nucleon and i e was the p i o n energy . 
( E Q ( i ) = Ep x ( l - K ) 1 * j K = i n e l a s t i c i t y , E^ = pr imary ene rgy ) . 
This a r ray i s o b v i o u s l y dependent upon p r imary energy and the d e t a i l 
o f the model f o r i n t e r a c t i o n s and t h e r e f o r e was computed each t ime 
a s i m u l a t i o n was made. The number o f pions o f energy i e produced 
i n depth i n t e r v a l i x by the nucleon cascade was g iven by 
N* ( i e , i x ) = P N ( i x , i ) x N (E ( i ) , i e ) 
TT TT 0 
3-5 .3 .3 Successive Generat ions o f Pions 
The pions produced i n the nucleon cascade could i n t e r a c t w i t h 
a i r - n u c l e i and produce more pions which i n t h e i r t u r n could create 
more pions e t c . The way i n which the successive genera t ions o f p ions 
were computed was as f o l l o w s . 
The pions l a b e l l e d A. and B i n F i g . 3 - 7 ( c ) were produced i n the 
nucleon cascade. The values p - ^ p ^ and p ^ ' p ^ 1 assoc ia ted w i t h 
A and B are the numbers o f p ions produced by them i n the depth and 
energy b ins ind ica ted , , By s t a r t i n g w i t h the p ions produced i n the 
nucleon cascade a t the t op o f the atmosphere and work ing down th rough 
the depth bins> i n c l u d i n g the p ions produced i n the nucleon cascade, 
an a r r a y c o n t a i n i n g the t o t a l number o f pions o f each energy produced 
i n each depth i n t e r v a l was obtained. . I t should be noted t h a t F i g B 
3-7 ( c ) i s over s i m p l i f i e d i n t h a t t he re i s a p r o b a b i l i t y o f a p i o n 
producing more p icns w i t h i n the depth i n t e r v a l i n which i t . was i t s e l f 
c r ea t ed ; t h i s p r o b a b i l i t y was taken i n t o account i n the c a l c u l a t i o n s . 
The number o f pions of energy i e^ produced i n depth i n t e r v a l 
i x ^ was g iven b y : -
n ( i x . , i e . ) = / / N ( i e .', i x . / , ) . P T . _ ( i e . ' , i x . 1 , i x . ) . 
n ( i e . , i e . , ) 
IT J f 
P j ^ r ( i e . ' , i x f , i x . ) was the . p r o b a b i l i t y o f a p i c n o f energy ie.' 
produced i n depth i n t e r v a l i x ^ 1 would i n t e r a c t i n d e p t h i n t e r v a l 
i x ^ and i t s d e r i v a t i o n i s descr ibed i n Appendix !•> n ^ i e . . , i ® j / ) 
was the number o f p ions of energy ie . . produced as a r e s u l t o f a 
7I--N i n t e r a c t i o n 'where the p i o n energy 'was i e / ( s e e § 3 - 4 , 5 ) . . 
n ( i x , i e ) conta ined the t o t a l number o f pions produced i n the 
EAS and the approx imat ion was made t h a t 33% o f these were n e u t r a l 
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pions and decayed i n s t a n t l y (T 10 ' sees) i n t o two gamma r a y s , 
hence s t a r t i n g the e l ec t romagne t i c cascade. 
3 - 5 . 3 . 4 L a t e r a l Development o f Hadrons and Mucns 
I n o rder t o assess the l a t e r a l development o f the EAS i t was 
necessary t o assume a t ransverse momentum d i s t r i b u t i o n f o r pions 
produced i n p-N and ^ -N i n t e r a c t i o n s . The CKP t ransverse momentum 
d i s t r i b u t i o n desc r ibed i n § 3 - 4 . 6 was assumed i n the * normal 1 model; 
Appendix 2 descr ibes the use of the d i s t r i b u t i o n . 
3-5o3.5 The Muon Component 
Once a charged p i o n was crea ted i n an i n t e r a c t i o n there were 
f o u r p o s s i b i l i t i e s f o r i t s subsequent 'behaviour 
( i ) I t could i n t e r a c t and thus be removed f rom the s i m u l a t i o n 
( i i ) I t cou ld decay t o a muon which would s u r v i v e to sea l e v e l 
(or the o b s e r v a t i o n l e v e l o f i n t e r e s t ) ;r.- ,, •••-j 
( i i i ) I t could decay t o a muon which would decay t o an e l e c t i o n 
before r each ing the obse rva t ion l e v e l 
( i v ) I t cou ld su rv ive as a p ion u n t i l i t reached the obse rva t ion 
l e v e l . 
An a r r ay PRDEC ( i x , i e ) was formed by the Monte Car lo technique 
t o g ive the p r o b a b i l i t i e s of pions o f each energy and a t each 
depth i n the atmosphere f a l l i n g i n t o catagory ( i i ) « 
The p i o n p r o d u c t i o n spectrum i r ( i x , ie ) was then m u l t i p l i e d 
by PRDEC(ix, ie) g i v i n g the p i o n p r o d u c t i o n spectrum a t each depth 
i n t e r v a l r e spons ib le f o r muons which reached sea l eve lo These 
spectra were assumed t o be o f the f o r m AE over l i m i t e d ranges 
of energy. 
Under t h i s assumption the muon spectrum was ob ta ined as 
f e l l o w s . 
N (E ) dE = 
A ( l - 0 . 5 6 Y ) E " Y 
0 . 4 4 y 
( F i g . 3 -7 (d ) . shows the probabi l i ty of a pion of energy E^ decaying 
t o a muon with a p a r t i c u l a r f r a c t i o n of i t s energy) . 
0.44E 
The value o f y was assessed separa te ly f o r each energy i n t e r v a l . 
The value o f E^ a t sea l e v e l was es t imated by assuming a constant 
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energy los s by i o n i s a t i o n o f 2 MeV per g .cm f o r pions and mucns. 
The c o n t r i b u t i o n s f r o m a l l depth i n t e r v a l s t o the muon numbers a t 
sea l e v e l were summed. 
3 -5 .3 .6 The Pion Component 
As a by -p roduc t o f the gene ra t ion o f PRDEC ( i x , i e ) by the 
Monte-Carle t e c h n i q u e , an a r ray PISURV ( i x , i e ) was formed c o n t a i n i n g 
the p r o b a b i l i t i e s of pions o f energy i e and crea ted a t atmospheric 
depth i x s u r v i v i n g as p icns t o sea l e v e l . The l a t e r a l development 
o f the hadron component o f the shower and the t o t a l p i c n energy 
spectrum was found i n the same manner as f o r the muons except 
t h a t the t r a n s f o r m a t i o n f rom p i o n p r o d u c t i o n spectrum t o muon 
spectrum was unnecessary. 
3 - 5 . 3 . 7 The E l e c t r o n Component 
I n f o r m a t i o n about the e l e c t r o n component o f EAS was d e r i v e d 
f r o m the p i o n p r o d u c t i o n spectrum T r ( i x , i e ) . It was assumed t h a t 
equal numbers of 7 1 + , ^ and TT° were crea ted i n the i n t e r a c t i o n s 
and t h e r e f o r e n ( i x , i e ) / 3 represented, the n e u t r a l p i o n p r o d u c t i o n 
spectrum. 
The two approaches used i n o rde r t o p r e d i c t the development 
of the e l e c t r o n - p h o t o n cascade through the atmosphere are o u t l i n e d 
i n § 2 - 2 . 1 and descr ibed i n more d e t a i l i n Appendix 3 . 
It should be noted t h a t the p h y s i c a l s i g n i f i c a n c e o f 
Approx imat ion B may be ques t ioned . Th i s i s because the t o t a l 
numbers o f e l e c t r o n s a t each depth are computed and i n r e a l i t y 
Approx imat ion B cannot g ive the c o r r e c t number o f e l e c t i o n s near zero 
energy (Rossi ( 1 9 6 5 ) ) . 
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3 - 5 o 3 . 8 The O p t i c a l C&renkov Response 
I n recen t years the o p t i c a l Cerenkov l i g h t e m i t t e d f r o m l?.rge 
a i r showers has been s tud ied ( K r i e g e r and Brac't (1968) , D i m i n s t e i n 
e t a l , ( l 9 7 l ) ) o The p o s s i b i l i t y t h a t t h i s may be a s e n s i t i v e 
measure o f the l o n g i t u d i n a l development o f the shower caused the 
i n c o r p o r a t i o n o f p r e d i c t i o n s f o r t h i s component i n the present 
c a l c u l a t i o n s . . The t r ea tment of the Cerenkov r a d i a t i o n f r o m the 
shower e l e c t r o n s was undertaken by G o J . Smith (1973)„ The s t a r t i n g 
p o i n t f o r these c a l c u l a t i o n s was once again the pic-n p r o d u c t i o n 
spectrum n(ix,ie)> T y p i c a l r e s u l t s are descr ibed b r i e f l y i n §4-2<>5 
3 - 5 . 3 . 9 Radio Emission i n EAS 
Calcu la t ionshave been made f c r the r ad io f requency emiss ion 
r e s u l t i n g f r o m the sepa ra t ion of extens ive a i r shower e l e c t r o n s 
and p o s i t r o n s i n the E a r t h ' s magnetic f i e l d accord ing t o the theo ry 
o f A l l a n (1971) . This work has been r e p o r t e d i n d e t a i l by Hough 
(1973) . 
The s t a r t i n g p o i n t f o r r a d i o emiss ion c a l c u l a t i o n s was 
the p i o n p r o d u c t i o n spectrum f r o m which the e l e c t r o n photon 
cascade was d e r i v e d us ing a combinat ion of c a l c u l a t i o n s under 
Approx ima t ion A and the numerical data o f Messel and Crawford 
(see Appendix 3 ) . 
3 -5 .4 The Monte-Cai lo Method 
3 - 5 . 4 . 1 I n t r o d u c t i o n 
Th i s i s a method o f s i m u l a t i n g a i r showers which i n v o l v e s 
f o l l o w i n g each p a r t i c l e produced i n the cascade u n t i l i t i s removed 
by i n t e r a c t i o n o r decay or reaches the obse rva t i on l e v e l . 
F l u c t u a t i o n s are i n to rduced i n t o the development o f the shower by 
choosing parameters f o r each i n t e r a c t i o n f rom pseudo random 
d i s t r i b u t i o n s whose mean values correspond t o those- taken f o r the 
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step-by-step method. As a consequence of the de ta i led treatment 
of each EAS such a pre gramme is not economical of computing time 
and can therefore only be used f o r primary energies ©10 weV. In 
order to make predict ions about f luc tua t ions and average d;ara cteristn.es of EAS 
i t i s necessary to make several simulations f o r each set of predic t ions ; 
t h i s i s another reason f o r the l i m i t a t i o n on primary energyo 
3-5o4„2 Fluctuat ing Parameters 
The parameters which were f luc tua ted i n the Monte-Carlo 
simulations were:-
( i ) The mean f ree path of the proton; sampled from an 
exponential d i s t r i b u t i o n of the form e _ . 
( i i ) The mean free path of pions, sampled from an 
" x /120 
exponential d i s t r i b u t i o n of the form e 0 
( i i i ) The i n e l a s t i c i t y of. p-N in te rac t ions ; sampled from 
a d i s t r i b u t i o n of the form f ( K ) = ( l + a ) 2 ( l - K ) a In ( l - K ) 
where a = 1.414 (Brook et a l . ( l 9 6 4 ) ) . 
( i v ) The energies of pions produced i n in terac t ions J the 
func t ion from which the pion energies were sampled 
i s of the form: 
f * L > * L " C ' t e + T* * l / T ) d E I L 
(see §3-4 .5)o As each pion was generated i t was randomly 
placed i n the forward, or backward cone and i t s energy 
chosen from the appropriate pseudo-random d i s t r i b u t i o n . 
The- sampling continued f o r each i n t e r ac t i on u n t i l a l l 
the radiated energy had been used. In t h i s way the number 
of secondaries produced i n the i n t e r a c t i o n was f luc tua ted 
and energy was conserved. 
(v3 The transverse momentum; t h i s was chosen ramdomly from 
the d i s t r i b u t i o n being used, eg f o r t h e 'normal ' model 
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P+ P+ dp 
F(p ) dp = ~ exp ( - - i ) - £ t p 1 p p 
( v i ) The decay time f o r TT-* u + v j t h i s was chosen from a 
d i s t r i b u t i o n of the form e ir TT TT where h i s the 
distance t r a v e l l e d , T the mean l i f e t i m e of the p ion , 
IT 
m the rest mass of the pion and E the laboratory 
IT IT 
energy of the pion. 
( v i i ) The decay time f o r u -*e + v 5 the ' d i s t r i b u t i o n from which 
-mMh/E yT yc 
the decay time was chosen was of the form e • 
3-5.5 The Hybrid Model 
In order to make predict ions f o r f luc tua t ions i n a i r showers wi th 
15 
primary energy above 10 eV, the computational technique used was a 
combination of the step-by-step and Monte-Carlo techniques; t h i s was 
known as the hybrid modelo The simulat ion of the nuclear cascade 
was carr ied out i n the same way as f o r the Monte Carlo technique and 
the step-by-step method was employed to simulate the copious pion 
generations. I t was thought that i f agreement between the magnitude 
of f luc tua t ions obtained from the hybrid model and the Monte Carlo 
1^ 
model could be established at a primary energy of 10 "eV^then the hybrid 
model could be used to predict f l uc tua t ions fo r EAS with higher primary 
energies. 
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C H A P T E R F O U R 
RESULTS FROM PROTON INITIATED AIR SHOWERS 
4-1 In t roduct ion 
The average resul ts obtained from proton i n i t i a t e d EAS 
14 19 
simulations i n the primary energy range 10 -10 eV from the present 
study w i l l be presented i n t h i s chaptero The resul t s from the 
'normal ' model f o r in terac t ions (described i n Chapter 3) are 
compared as f a r as possible wi th both experimental data and the 
resul t s of simulations by other authorso The s e n s i t i v i t y of the 
resul t s of the simulations to changes i n the i n t e r ac t i on model 
assumed are invest igated. The data presented i n t h i s chapter are 
available i n greater d e t a i l (Dixon and Turver (1973(v7))) . Unless 
s p e c i f i c a l l y stated to the contrary , the resu l t s presented i n t h i s 
chapter f o r the development of the one dimensional e lect ron cascade • 
r e f e r to data obtained from calculat ions of electron-photon cascades 
under Approximation B (Greisen (1956)). 
4-2 Results Obtained Using the 'Normal' Model f o r Interact ions 
4-2.1 The Electron Component 
4-2 .1 .1 The Longitudinal Development of the Electron Cascade 
The development of the electron-photon component of the EAS 
simulated i n the present work was calculated i n two ways which are 
described i n Appendix 3. Both of these methods produce data f o r the 
one dimensional electron cascades although the resu l t s are not 
d i r e c t l y comparable since the e lec t ron size derived from the 
Approximation A and Monte Carlo ca lcu la t ion (AAMC) r e f e r to electrons 
above a pa r t i cu l a r threshold energy (the resul t s presented i n t h i s 
chapter w i l l be f o r electrons wi th energy >1 MeV) whereas the 
e lect ron numbers calculated from Approximation B (AB) r e f e r to a l l 
e lectrons . F i g . 4-1 shows the e lectron cascades produced by both 
i 1 1 1 1 1 1 1—r 
-Approximation- B 
Approximation-A 
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range 1 0 1 5 - l 0 1 9 e V , 
these methods f o r proton i n i t i a t e d EAS with primary energy i n the 
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range 10 -10 eV. I t i s clear t h a t AAMC resul t s i n cascades having 
-2 
t h e i r maximum --'50 g.crr. lower i n the atmosphere and having sizes 
at sea leve l some 50/o smaller than cascades derived under AB. A 
s imi l a r conclusion was reached by Marsden ( l 9 7 l ) who compared cascades 
derived under AB with others derived using Approximation A and the 
numerical data of Baxter (1969)o 
F i g . 4-2 shows the resu l t s obtained f o r the one-dimensional 
e lect ron cascade using Approximation B compared wi th the experimental 
data from the Mount Chacaltaya experiment (La Pointe et a l . ( l 9 6 S ) ) . 
These data were obtained by taking constant i n t ens i ty cuts i n the 
i n t eg ra l size spectrum at various shower zenith angles, corresponding 
to d i f f e r e n t atmospheric depths. The theore t ica l curves have bef.-n 
-2 
normalised at an atmospheric depth of 600 g„cnu i n order to al low f o r 
d i f ferences i n the threshold energy. At primary energies > 1 0 ' GeV 
the curves from the model f i t the experimental points s a t i s f a c t o r i l y . 
However, at low primary energies the theore t ica l r e su l t does not 
predict the rapid at tenuation of the electron cascade that i s observed 
experimentally. This discrepancy between theory and experiment would 
c l ea r ly be worse i f the comparison had been made with the resu l t s 
f o r the e lect ron cascade from AAAC. 
The absorption length of the e lect ron cascade at an atmospheric 
-2 
depth of 1000 g cm i s found from the present work using electron 
-2 
cascades calculated under Approximation B to vary from 180 g cm 
5 -2 8 at sizes of 10 pa r t i c l e s to 295 g cm at sizes of 10 p a r t i c l e s ; 
t h i s i s i n agreement wi th the resul t s of Murthy et a l . ( l 9 6 8 ) . The form 
of the r e l a t i o n i s : 
. x R = 25.0 I n N + 95.0 g cm"2 
T 1 i 1 
— Present work 
Exptl. measurements 
( La Pointeet at (1965)) 
Ep (GeV) 







Atmospheric Depth (g. cm' 2 ) 
4.8 x107 _ 
Figure 4-2 
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development of the e l ec t ron 
cascade from the present work 
wi th experimental data 
50 
The way i n which the depth of maximum development of the e lec t ron 
cascade varies with the primary energy of the EAS i s shown i n F i g . 4-3(a) 
and comparison i s made with the resu l t s of Adcock et a l . ( l 9 6 8 ) , 
Capdeville et a l . (1970) and H i l l a s (1972). I t has o f t en been suggested 
i n the past (eg. Linsley (1963)) that a i r showers of primary energy 
*>»10^eV and zenith angle e = 0° are at about maximum development at 
sea l e v e l . However, these ca lcu la t ions , i n agreement with H i l l a s and 
23 
Capdeville et a l . , would require a primary energy of -vlO eV to 
produce an e lect ron cascade which would, be at maximum at sea l e v e l . 
F i g . 4-3 (b) shows the way i n which the sea level e lectron size varies 
wi th primary energy. The resu l t s frcm the present calculations are 
compared wi th those of H i l l a s (1972) and Bradt and Rappaport (1968). 
-2 -2 
Also shown are the e lectron numbers.' at 530 g cm and 830 g cm 
(corresponding to the atmospheric depths of the Chacaltaya and 
Volcano Ranch arrays respec t ive ly ) . 
The re la t ionsh ip between primary energy and the electron size 
at maximum development was invest igated and found to be of the 
form 
E = K N 
e 
p max 
The value of K from our 'normal* model was found to be 1.7 which 
compares wi th 1.9 suggested by Marsden (1971) and 2.. suggested by 
Bradt and Rappaport (1968). The value of K from electron cascades 
under AAMC was found to be 2.4 f o r electrons above the threshold 
energy of 1 MeV. 
4-2.1.2 The Lateral D i s t r i b u t i o n of the Electron Cascade 
The use of Approximation A and the Monte Carlo data of Messe.1 
and Crawford allows the predict ions of the l a t e r a l development of the 
electron cascade and also provides informat ion about the energy spectra 
10' 
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Br Bradt and Rappaport 
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Present work 
Fig. 4-3 (b) 
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of the electrons. Data are available from Haverah Park (Armitage 
(1973)), on the l a t e r a l d i s t r i b u t i o n of electrons i n EAS. Fig .4-4(a) 
shows a comparison of the e lect ron l a t e r a l d i s t r i b u t i o n s f o r primary 
15 18 
energy i n the range 10 - 10 eV and electron threshold energy of 
10 MeV (Eg> 10 MeV) from the present work with the experimental 
measurements of Kellerman and Towers (1970) and Armitage (1973). The 
data i s normalised at 500m since the threshold energies and photon 
t 
contamination make quanti^t ive comparison uncertain. 
The energy spectra of electrons at various core distances i n 
15 17 
v e r t i c a l showers i n i t i a t e d by protons of 10 eV and 10 eV are 
represented by the data of F i g . 4-4 ( b ) . 
4-2.2 The Muon Component 
4-2.2.1 In t roduct ion 
The •step-by-step' and hybrid computational techniques take a 
s i m p l i s t i c view of the muon component of EAS. Coulomb and geo-
magnetic scat ter ing are both neglected i n order to minimize computing 
t ime. The muon component of selected a i r showers (using the pion 
production spectrum as a s t a r t i n g p o i n t ) has been studied i n more 
d e t a i l and some of the resul ts of t h i s work are reported here. 
The two most appropriate threshold energies f o r comparisons 
wi th muons detected at the Haverah Park EAS array are 0.3 GeV and 
1 GeV (which correspond to the threshold energies of the Nottingham 
muon detector and the Durham Magnetic Spectrograph). 
4-2 .2 . The Tota l Muon Energy Spectrum 
F i g . 4-5 shows the t o t a l muon number spectra f o r proton 
i n i t i a t e d EAS of primary energy i n the range 1 0 ^ - l O ^ e V resu l t ing 
from the present work. Comparison i s made w i t h the calculat ions 
of H i l l a s (1972), Gi le r e t a l , ( l 9 7 0 ) , Grieder (1970), Suschenko 
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and Fomin (1968) and Gaisser and Maurer ( l972 )o Tlie model of 
H i l l a s wi th which comparison i s made i s Model E c This model i s 
e s sen t i a l ly the same as our 'normal ' model f o r in terac t ions but 
d i f f e r s s l i g h t l y i n tha t the mean f ree path of pions i s assumed to 
-2 
be 100 g„cm. and the i n e l a s t i c i t y of p-N c o l l i s i o n s i s 0.44 
(as opposed to our 'normal' values of 120 g.cm, and 0.5 respec t ive ly) ; 
the predict ions of model E are made f o r a zenith angle of 14° . The 
small d i f fe rence i n the resul t s between Model E and our 'normal' 
model i s explicable i n these terms. 
H i l l a s defines a = d i n (N ) / d I n (E ) 
p 
(N i s the number of muons and E i s the primary energy); f o r Model 
P 
E the value of a is predicted to lie 0.92 f o r a muon threshold energy 
of 1 GeV. The present simulations also predict the value of a to 
be 0.92. 
4-2.2.3 The Lateral D i s t r i b u t i o n of Muons 
Predictions of the l a t e r a l d i s t r i b u t i o n of muons arc more relevant 
to experimental measurements than predict ions of the rnuon t o t a l energy 
spectrum since the l a t e r a l d i s t r i b u t i o n is d i r e c t l y measurable. For 
example at the Haverah Park experiment t h i s measurement can be made 
f o r muons with a threshold energy of 0.3 G&V using the Nottingham 
detector comprising f l a s h tubes and l i q u i d s c i n t i l l a t o r s (Armitage 
(1973)) and f o r muone wi th a threshold energy of 1 GeV using the 
Durham muon spectrograph (Dixon e t a l . (1973(a))) . The l a t e r a l 
d i s t r i b u t i o n s f o r muons wi th both these threshold energies are compared 
w i t h experimental resul ts i n F i g . 4-6. The form of the l a t e r a l 
d i s t r i b u t i o n found experimentally by the Durham group i s 
A y(>lGeV,r) a r " 0 " 7 5 ( l + ( ^ ) ) ~ 2 ' 5 m" 2 
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and the Nottingham group f i n d t he i r data best f i t t e d by 
A y ( > a 3 G e V , r ) a r " 1 ( l + ~ J " 2 , 1 n f 2 
(r i s i n metres i n both cases). 
F i g . 4-7 compares the d i f f e r e n t i a l momentum spectra of muons 
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from EAS i n i t i a t e d by 10 eV proton primaries at various zenith 
angles and distances from the shower core wi th experimental data 
obtained by Dixon e t a l . ( 1 9 7 3 ( a ) ) , and Machin et a l . ( l 9 7 0 ) ; the 
experimental data r e f e r to a i r showers wi th zenith angles less than 
40Ot, Clear ly there i s good agreement between the predict ions and 
the experimental data. 
4-2.2.4 The Temporal and Spat ial Character is t ics of Muons i n 
A i r Showers 
The temporal and spa t ia l c h a r a ^ r i s t i c s of muons i n a i r showers 
would be expected to r e f l e c t the long i tud ina l development of EAS 
and hence may be of use i n the determination of the nature of the 
primary cosmic r a d i a t i o n . The pulse p r o f i l e s of the deep water 
Ceienkov detectors at Haverah Park from both the muon and e lec t ron-
photon components have been studied by Lapikens et a 1.(1973) and the 
angular d i s t r i b u t i o n of muons wi th respect to the shower core . 
d i r e c t i o n has been measured by Earnshaw et a l .(1973). 
The temporal and spa t ia l e f f e c t s a r i s i n g from the geometrical 
e f f e c t s alone are considered here but work has been done as a part of 
the present study to f i n d the e f f e c t s of Coulomb and geomagnetic 
scat ter ing upon these character is t ics (Turver (1974)). As a r e su l t 
o f - t h i s work i t was found that the predict ions from the 'step-by-step' 
and hybrid computational techniques do not d i f f e r : , s i g n i f i c a n t l y from 
those obtained by the more de ta i led computation f o r muon threshold 
energies £•! GeV; f o r lower threshold energies the d i f ferences i n 
I 
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the predict ions may become very marked. 
Figo 4-8 (a) shows the way i n which the median time delay 
and median core angle vary wi th primary energy e and Fig., 4-8 (b) 
gives the model predict ions f o r the v a r i a t i o n i n these parameters 
wi th distance from the a i r shower core. Also shown i n F i g , 4-8(b) 
i s a comparison of the v a r i a t i o n of the mean muon angle to the core 
found experimentally at Haverah Park wi th the predict ions from these 
simulations f o r t h i s parametero 
4-2.2.5 E f fec t s of the Inclusion of Geomagnetic and Coulomb 
Scattering on the shape of the Mucn Lateral D i s t r i b u t i o n 
The resu l t s obtained from the ' h y b r i d ' and 'step-by-step 1 
computational techniques f o r the muon l a t e r a l d i s t r i b u t i o n were 
rather steep by comparison wi th experimental data, an e f f e c t noted 
previously i n many comparisons (eg de Beer et a i . (1966)). 
I t seemed l i k e l y on the basis of the work of H i l l a s (1966) that 
the cause of t h i s steepness might be the absence of Coulomb and 
geomagnetic scat ter ing from the model and i t was decided to repeat 
some of the simulations dealing wi th the muons i n deta i lo This work, 
was undertaken by W. Stephenson; the simulation techniques described 
i n Chapter 3 were used to the point where the pion production 
spectrum had been formedo To have dealt i n a de ta i led manner wi th 
a l l the pions produced i n an EAS of primary energy of (say) 1C eV 
would have involved excessive computing t ime; ins tead, only a 
f r a c t i o n of the pions were fo l lowed . The way i n which the select ion 
of the pions to be fol lowed was made was to randomly a t t r i b u t e 
an azimuth angle to each pion and only consider those pions w i t h i n 
a . pa r t i cu la r range of azimuth angle, the geomagnetic and Coulomb 
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of width 25.8 g cm ^ . The rms Coulomb scat ter ing angle was found by 
assuming a normal d i s t r i b u t i o n specif ied by : -
p i s mornentumj x i s distance t r ave l l ed i n g cm % and x 
-2 
i s the r ad i a t i on length i n a i r i n g cm o 
A deta i led descr ip t ion of the method of ca lcu la t ion of the 
geomagnetic d e f l e c t i o n i s given by P i c k e r s g i l l (1973), The 
predict ions f o r the muon l a t e r a l d i s t r i b u t i o n s above various 
threshold energies shown i n F i g . 4-6 are the r e su l t of the 
inc lus ion of coulomb and geomagnetic scat ter ing i n the ca lcu la t ion . 
4-2.3 The Hadronic Component of EAS 
The 'normal' model f o r nucleon-nucleus in terac t ions does 
not Lake i n to account the possible production of nucleon a n t i -
nucleon pairs although i t is acknowledged tha t i n high energy 
in teract ions (^p-* 10 GeV) as. many as 14% of the secondary pa r t i c l e s 
could be nucleon-antinucleon pairs (Tonwar e t a l ( l 9 7 l ) ) . The present 
work i s being extended by I . S . Diggory to include predict ions f o r 
models which incorporate the production of nucleon-antinucleon pairs 
i n high energy interactionso For a i r showers simulated using the 
'normal' model only one nucleon arr ives a t sea l eve l i n a proton 
i n i t i a t e d EAS and t h i s is the survivor of the primary p a r t i c l e . The 
hadronic component therefore comprises pions and t h i s single nucleon 
(which i s f requent ly ignored). 
The predicted l a t e r a l spread of the pion component of the a i r 
15 
shower at sea l eve l i s shown i n F i g . 4-9 f o r 10 eV proton i n i t i a t e d 
EAS. Comparison i s made with the simulat ion resu l t s of Grieder 
(1970) although i t should be noted that the models f o r high energy 
in terac t ions d i f f e r considerably and that the good agreement i s 
perhaps f o r t u i t o u s . The l a t e r a l d i s t r i b u t i o n f o r pions i n a i r 
<G > 
p3c 
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showers i s steeper than the l a t e r a l d i s t r i b u t i o n of muons; the reason 
f o r t h i s i s that only those pions produced close to the observational 
l eve l have a high p robab i l i t y of neither decaying nor i n t e r ac t ing . 
4-2.4 The Deep Water Cerenkov Detector Response 
In order to i n t e rp re t the data obtained from the Haverah Park 
EAS array, i t i s necessary to be able to predic t the response of 
the deep water Ceienkov detectors which are charac ter i s t ic of the 
experiment to a i r showers of various primary energies and core 
locat ions . The detectors respond to both muons and the ' s o f t ' 
component of the showers (electrons and photons). The response i s 
calculated i n un i t s of so-called nominal pa r t i c l e s defined as the 
r a t i o of the detector signal corresponding to a pa r t i cu la r event to 
the signal produced when a single r e l a t i v i s t i c muon traverses t'ie 
detector (v.e v w). Marsden ( l 9 V l ) used a Monte Carlo electron-photon 
cascade program i n order to describe the one-dimensional propagation 
i n 120 cm of water of the cascade which resu l t s when an electron or 
photon i s produced at a known height above a water f i l l e d Cerenkov 
detector of the type used at Haverah Park. In order to obviate the 
need to publish numerous tab les , Marsden f i t t e d his data to a 
func t ion of the form 
where TQ = 80m at sea l e v e l ; he produced tables of s and In (a) f o r 
both i n i t i a t i n g electrons and photons of several d i f f e r e n t energies 
heights. These resul t s were combined d i r e c t l y wi th the so lu t ion of 
the e lec t ron photon cascade under approximation A (see Appendix 3) 
i n order to allow the Cerenkov detector response to be predicted 
f o r the present work. 
ft) ft") 
( r , s , a ) In (a) v.e.V.m s o f t 
•2 •4.5 
( l , 3.16, 10, 31.6 and 100 GeV) produced at various atmospheric 
57 
The resu l t s frcm the 'normal' modelfor the l a t e r a l d i s t r i b u t i o n s 
of the deep water Ceienkov detector response are shown i n F i g . 4-10 
f o r proton i n i t i a t e d showers f o r the primary energies lO^eV and 
10 i e JeV o 
4-2o5 The Opt ical Cerenkov Light and Radio Emission from EAS 
Detailed accounts of the computation of the o p t i c a l and radio 
frequency emission from large EAS from the present study are given 
by Smith and Turver (1973) and Hough ( l 9 7 3 ) . F i g s 4-11 (a) and 4-11 (b) 
show the l a t e r a l d i s t r i b u t i o n funct ions f o r radio frequency and 
op t i ca l Ceienkov emission from a i r showers i n i t i a t e d by primary 
protons of energy 10 -10 eV. 
4-2.6 The Ratio of the Muon Density to the Cerenkpv Detector Response 
• i n EAS 
One of the measurements made by the Univers i ty of Nottingham 
group at Haverah Park (Armitage (1973)) i s the r a t i o of the muon 
density to the Cerenkov detector response as a f unc t i on of distance 
Ay 
from the shower core, T£ 0 * n some previous comparisons of model..-
Ay 
predict ions and experimental measurements the r a t i o ^—q y^ has been 
c * 
used (see eg. H i l l a s (1972), Ferguson (1971)). The reason f o r using 
t h i s r a t i o was that i t s dependence on the core distance at which 
the measurement i s made i s not strong and therefore the e f f e c t of 
possible core loca t ion errors i s minimised. However the disadvantage 
of using y 5 rather than i s that i t i s less sensit ive to 
c 
di f ferences i n models f o r shower development. Armitage considered 
tha t his experimental data had been subject to s u f f i c i e n t l y s t r ingent 
select ion c r i t e r i a f o r the advantages of the use of the r a t i o ^ 
to outweigh those of using "^0.75* Therefore a comparison i s made 
c 
here of the experiment measurements of Armitage and the predict ions 
of the 'normal ' model f o r the r a t i o ^ (F ig . 4-12) . The predicted 
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shown i n Fig„ 4-12 are from 10 eV proton i n i t i a t e d a i r showers (resul ts 
f o r 10 1 7eV i ron i n i t i a t e d EAS and H i l l a s (1972) Model E are also shown). 
4-3 S e n s i t i v i t y to Changes i n Zenith Angles 
So f a r the resul t s tha t have been presented have been f o r v e r t i c a l 
a i r showers. However, i n pract ice most EAS experiments measure showers 
i n a wide range of zenith angle and therefore an inves t iga t ion has been 
made in to the e f f e c t of changing the zenith angle upon some of the shower 
parameters. The 'step-by-step 1 computational technique was used to simulate 
showers at various zenith angles between 0° and 60° but the resul ts of 
these simulations f o r zeni th angles >45° should be t reated wi th caution :.' 
since no correct ion f o r geomagnetic d e f l e c t i o n 9 which becomes increasingly 
important at large zenith angles» was madeo 
F i g . 4-13(a) shows the way i n which the t o t a l muon energy spectrum 
varies as the zenith angle changes» There i s l i t t l e d i f fe rence between 
0° and 15° but as the angle increases the d i f fe rence i n spectral shape 
becomes more pronounced. (The f a c t that the d i f fe rence between 0° and 
15° i s small confirms the usefulness of making comparison wi th H i l l a s } 
Model E which considers showers incident at a zenith angle of 14 0 3°)„ 
The v a r i a t i o n of the shape of the l a t e r a l d i s t r i b u t i o n of muons 
( >1 GeV) with zeni th angle i s shown i n F i g . 4-13 (b)<> The e f f e c t 
of increasing the zenith angle i s to cause the l a t e r a l d i s t r i b u t i o n 
to become f l a t t e r i n shapeo 
The way i n which the median muon time delay and muon-core angle 
17 
vary wi th zenith angle are shown i n Fig., 4-13 (c) f o r a 10 eV 
proton i n i t i a t e d EASB 
4-4 The Predictions of the 'Normal' Model f o r Measurements Made at 
D i f f e r e n t Observational Levels 
The 's tep-by-step' computational techniques was used to simulate 
17 
10 eV proton i n i t i a t e d a i r showers g iv ing predict ions at atmospheric 
—2 —2 
depths of 530 g cm and 830 g cm (corresponding to the a l t i tudes 
of the Mount Chacaltaya and the Volcano Ranch experiments r e spec t ive ly ) . 
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Muon tota l energy spectra 
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The predict ions of the model f o r the muon t o t a l energy spectra and 
the l a t e r a l d i s t r i b u t i o n of muons (>lGeV) are shown i n F i g . 4-14(a) 
and 4-14(b). The t o t a l number of muons observed at mountain 
a l t i t udes i s less than the number observed lower i n the atmosphere 
a t a l l energies5 however, the change i n the number of muons (>lGeV) 
-2 
i n going from 530 to 830 g.cm, i s ~200% whereas the change i n 
—2. 
the numher when the observation i s made a t sea l eve l (l030g.cm- ) 
rather than at 830 g..cm. i s ~-25%. This resul t s frcm the f a c t 
tha t the muon number i s near maximum at sea level (see F i g . 6-9 
and | 6 - 3 . 2 ) . The l a t e r a l d i s t r i b u t i o n of muons steepens as the 
depth i n the atmosphere at which observation i s made increases, 
r e f l e c t i n g the smaller core distances at which those muons produced 
l a t e r i n the shower development v . l l l be detected. F i g . 4-14(c) 
shows the way i n which the mucn number varies wi th atmospheric 
depth as a func t ion of the threshold energy of the muons considered. 
The curves i n the diagram re fe r to resu l t s obtained from proton 
15 
i n i t i a t e d a i r showers of primary energy 10 eV. The diagram, 
although not s t r i c t l y relevant here, i s intended to throw l i g h t 
upon var ia t ions i n the muon component observed i n the fo l lowing 
sections. 
4-5 E f f ec t s of Changes i n the Model f o r Nuclear Interact ions 
4-5 .1 In t roduct ion 
The reasons f o r the choice of the 'normal ' model f o r in terac t ions 
were described i n Chapter 3 together with an account of why the choice 
of such a single model was necessary f o r the present work. However, 
i n many cases the values taken f o r parameters were by no means the 
only reasonable choice and, because of t h i s , simulations have been 
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15 
ind ica ted by a 10 eV proton. 
o f the parameters . I t should a l so be noted t h a t the ' n o r m a l ' model 
was chosen some t ime ago and i t was t h e r e f o r e i n t e r e s t i n g to see the 
e f f e c t s o f a l t e r i n g the model f o r i n t e r a c t i o n s i n the l i g h t o f 
recent a c c e l e r a t o r data and new ideas i n hadron p h y s i c s . The la rge 
number of parameters i n a shower model and choices of t h e i r values 
preclude the s i m u l a t i o n o f a l l poss ib le combinat ions ; the way i n 
which the problem was approached t h e r e f o r e was to t r y t o e s t a b l i s h 
which o f the parameters caused s i g n i f i c a n t changes i n the way 
EAS propagated when t h e i r va lue or d i s t r i b u t i o n was a l t e r e d . The 
r e s u l t s o f these i n v e s t i g a t i o n s are b r i e f l y presented i n the 
f o l l o w i n g sec t ions -
4-5 .2 V a r i a t i o n s i n the Value of I n e l a s t i c i t y Assumed f o r p-p 
I n t e r a c t i o n s . 
The value o f the c o e f f i c i e n t o f i n e l a s t i c i t y , K , f o r p-p 
i n t e r a c t i o n s was taken f o r the 'normal* model t o be 0 o 5 (see § 3 - 4 . 2 ) 
(Allowance was made f o r the d i f f e r e n c e between p-p and p-N 
i n t e r a c t i o n s by a d j u s t i n g the r e l a t i o n s h i p between the number o f 
produced p a r t i c l e s and the energy o f the i n t e r a c t i o n s ) . The 
s e n s i t i v i t y o f the model p r e d i c t i o n s t o changes i n the i n e l a s t i c i t y 
were i n v e s t i g a t e d by v a r y i n g i t s value between 0.3 and 0 0 7 f o r 
17 
p r o t o n i n i t i a t e d EAS o f p r imary energy 1C eV us ing the ' s t e p - b y -
s t e p ' computa t iona l t e chn ique . F i g s . 4 -15(a ) and 4 -15 (b ) g ive a 
comparison of the muon t o t a l energy spectra and muon l a t e r a l 
d i s t r i b u t i o n s r e s u l t i n g f r o m these s i m u l a t i o n s . I t can be seen 
f r o m F i g . 4 -15 (a ) t h a t the d i f f e r e n c e i n the t o t a l number o f muons 
p r e d i c t e d f o r va lues o f K between 0.3 and 0 .7 i s a f u n c t i o n o f the 
t h r e s h o l d energy o f the muons. The reason f o r the number o f low ener 
muons p r e d i c t e d be ing less f o r an i n e l a s t i c i t y o f 0 .7 than f o r 
10 
K=0-3 Ep = 1 ( JeV 
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K = 0.3 can be understood by c o n s i d e r a t i o n o f F i g . 6 - 9 • The 
r e s u l t o f i n c r e a s i n g K i s t o cause the a i r shower to develop more 
r a p i d l y ; hence the low energy muons w i l l be f u r t h e r past t h e i r 
maximum number when they reach sea l eve lo Al though F i g . 4 -14 (c ) 
15 
shows the development o f muon numbers i n 10 eV showers i t g ives 
a c l e a r i n d i c a t i o n of why the t h r e s h o l d energy o f the muons a f f e c t s 
the change i n muon numbers p r e d i c t e d a t sea l e v e l when K i s v a r i e d . 
17 
For example, fo r>200 GeV muons the development curve f o r 10" eV 
a i r showers could not have reached maximum even f o r r a p i d l y deve lop ing 
showers (K = 0 . 7 ) ; t h e r e f o r e when the value o f K i s increased f r o m 
0 .3 to 0 .7 the number o f muons >200 GeV i s brought c lo se r t o 
maximum and hence increases . The l a t e r a l d i s t r i b u t i o n o f muons 
>lGeV remains e s s e n t i a l l y the same shape when K i s v a r i e d but i,he 
d e n s i t i e s are a f a c t o r of 2 lower when K i s 0 .7 than when K i s 
0.3 
F i g . 4 - 1 5 ( c ) shows the change i n the one-dimensional e l e c t r o n 
cascade when the c o e f f i c i e n t o f i n e l a s t i c i t y i s v a r i e d . 
4-5 .3 Changes i n the Assumed Mean Free Paths f o r Proton-Nucleus 
and Pion-Nucleus I n t e r a c t i o n s 
-2 -2 
Al though energy independent va lues o f 80 g cm and 120 g cm 
were t aken f o r the mean f r e e paths i n a i r o f pro tons and p ions 
r e s p e c t i v e l y f o r the ' n o r m a l ' model , the re now e x i s t s expe r imen ta l 
evidence to suppor t the theo ry t h a t the p-p i n t e r a c t i o n crass 
s e c t i o n r i s e s (see § 3 - 4 . 4 ) . The consequences o f such a t r e n d are 
discussed i n t h i s s e c t i o n . I n our i n i t i a l s i m u l a t i o n s a v a r i a t i o n 
o f the p r o t o n mean f r e e p a t h , X , w i t h energy , E , o f the f o r m 
P P 
X a E Was a r b i t r a r i l y assumed i n v iew of the suggested 
P P 7 
decrease i n X^ f r o m cosmic ray data (Yodh, Pal and T r e f i l ( 1 9 7 2 ) ) . 
8 
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A comparison o f t h i s r e l a t i o n w i t h the more recent p r e d i c t i o n s 
o f Leader and Maur (1973) i s shown i n F i g . 3 -5 . 
The model most c l o s e l y r e l a t e d to the ' n o r m a l ' model o f the 
present work i s Model E employed by H i l l a s (1972) . Th i s model 
-2 
assumes a mean f r e e path f o r pions of 100 g.aru and t h e r e f o r e 
the e f f e c t o f changing the value o f ^ f rom 120 g, cm. (which 
—2 
i s used i n our ' n o r m a l ' model) to 100 g.cm. was i n v e s t i g a t e d . 
Table 4 - 1 summarizes the main e f f e c t s o f these a l t e r a t i o n s 
i n the p r o t o n and p i o n mean f r e e paths and makes comparison w i t h 
the r e s u l t s f r o m the ' n o r m a l ' model , 
4 -5 .4 V a r i a t i o n s i n the Value of the Mean Transverse Momentum < p^" 
17 
Changes i n the muon l a t e r a l d i s t r i b u t i o n (E^> 1 GeV) f o r 10 eV 
p r o t o n i n i t i a t e d EAS which a r i s e f r o m v a r y i n g the va lue o f <P .^> 
f r o m 0.35 t o 0 .5 GeV/c are shown i n F i g . 4 -16 . The e f f e c t o f 
i n c r e a s i n g < p ^ > i s ( p r e d i c t a b l y ) t o f l a t t e n the l a t e r a l d i s t r i b u t i o n . 
An a i r shower was s imula ted w i t h an energy dependent value o f <p^> 
such t h a t : 
<p/> = 0.036 x l o g (E ) + 0 .31 4 . 1 x i» p 
where i s the energy o f the i n c i d e n t p a r t i c l e i n i n t e r a c t i o n s . 
Th i s produces an increase o f < P^. > f r o m 0.35 GeV/c a t 10 GeV 
/ 8 
to 0 .60 GeV/c a t 10 GeV. The r e s u l t o f t h i s s i m u l a t i o n was 
remarkably s i m i l a r t o the r e s u l t ob ta ined assuming an energy 
independent value o f <p^.> o f 0.35 GeV/c; t h i s demonstrates how 
the b u l k o f the muons reach ing sea l e v e l are produced i n low energy 
i n t e r a c t i o n s where <p^.> accord ing t o Eq„ 4 . 1 (and d i r e c t 
o b s e r v a t i o n ) would be ^0 .35 GeV/c. 
The e f f e c t of changing the shape o f the t ransverse momentum 
d i s t r i b u t i o n f r o m that suggested by Cocconi e t a l , ( l 9 6 l ) 
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Muon l a t e r a l d i s t r i b u t i o n 
P t P+ < P t > 
d N ( p t ) dp = — exp ( - ~ ) d p t (where p = - r ) 
- 3 /2 
to d N ( p t ) d p t = B p t exp ( ~ b p t ) d p t as 
suggested by E l b e r t e t a l „ ( l 9 6 8 ) was found t o be n e g l i g i b l e « 
4 -5 .5 Changes' i n the R e l a t i o n s h i p between the M u l t i p l i c i t y of 
Secondary P a r t i c l e s < n , and the I n t e r a c t i o n Energy. E . 
S I* 
The r e l a t i o n s h i p between n and E i s one of the most c r u c i a l 
s r 
i n p u t parameters f o r any EAS s i m u l a t i o n s . The survey o f exper imenta l 
data descr ibed i n § 3 - 4 . 1 lead us to choose f o r our ' n o r m a l ' model 
the r e l a t i o n 
n g o = 3 ,2 x E ^ 4 to p r e d i c t the number o f secondary 
p a r t i c l e s produced i n an i n t e r a c t i o n were the r a d i a t e d energy i s E^ . 
However, i t i s e s s e n t i a l to d i scove r the s e n s i t i v i t y of the model 
t o changes i n the m u l t i p l i c i t y law and so a s e r i e s o f s i m u l a t i o n s 
have been made t o e s t a b l i s h t h i s . There i s a l so an area o f 
u n c e r t a i n t y i n the t r a n s i t i o n f rom p-p t o p-N i n t e r a c t i o n s ; i n the 
' n o r m a l ' model a value o f 1.6 has been adopted f o r the r a t i o n , 
s ( p - K ) , 
n , • f o r reasons r e l a t e d i n S3-4 .3 . 
s ( p - p ) S 
The range of r e l a t i o n s h i p s between m u l t i p l i c i t y and energy 
considered t o span p lausab le l i m i t s w e r e : -
(1) ' n o r m a l ' m u l t i p l i c i t y increased by a f a c t o r o f 1.5 
(2) ' n o r m a l ' m u l t i p l i c i t y decreased by a f a c t o r o f 1.5 
i_ 
(3 ) n M and n both p r o p o r t i o n a l t o E 2 
s-n-N sp-p r ^ r 
0 0 n M a E 2 and ' n o r m a l ' m u l t i p l i c i t i e s n / \ S T T N u r K s ( p - p ) 
(5 ) n s a l o g g ( E r ) ( f r o m the ' s c a l i n g ' model f o r i n t e r a c t i o n s 
which w i l l be desc r ibed i n | 4 - 5 . 7 ) 
Table 4-2 g ives a summary o f the main e f f e c t s o f these changes 
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i n t e r a c t i o n model are i n c l u d e d . The s i m u l a t i o n s were performed 
17 
f o r 10 eV p ro ton i n i t i a t e d EAS„ 
I t i s c l e a r f r c m t h i s t a b l e t h a t the l o g a r i t h m i c dependences 
o f n g upon produces EAS w i t h , accord ing t o exper imenta l d a t a , 
t o o many e lec t ronsand too few muons a t sea l eve lo T h i s i s a lso 
t r u e o f the m u l t i p l i c i t y law where the ' n o r m a l ' m u l t i p l i c i t y 
a p p r o p r i a t e to a c e r t a i n energy i s d i v i d e d by 1.5. The p o s i t i o n 
o f the depth of maximum development o f the e l e c t r o n cascade v a r i e s 
f r o m 580 g.cm, ( i n the case o f the m u l t i p l i c i t y of produced 
— -2 
p a r t i c l e s f r o m IT -N and p-N i n t e r a c t i o n s being ot E ^ 2 ) t o 780 g.cm. 
( f o r the ' s c a l i n g ' model)o 
I t should be emphasised t h a t a l though the r e s u l t s f rom the 
' s c a l i n g ' model shown i n Table 4-2 are not acceptable i n the l i g h t 
o f exper imenta l measurements t h i s by no means excludes the model 
s ince the re e x i s t poss ib l e ways o f r a i s i n g the depth o f maximum 
development and lower ing the e l e c t r o n to muon r a t i o ( the most 
obvious perhaps i s t o cons ider t h a t the p r imary p a r t i c l e i s an 
i r o n nucleus (see § 4 - 5 . 7 ) ) 
4 -5 .6 Simple Isobar Model 
I n o rde r t o cons ider the e f f e c t o f a l l o w i n g l e ad ing pions t o 
be produced i n i n t e r a c t i o n s a simple i soba r model was c o n s t r u c t e d . 
( I t should be noted t h a t t h i s was a c a l c u l a t i o n based upon a s imple 
model made i n o rder t o determine the gross f e a t u r e s o f showers 
produced us ing such an i n t e r a c t i o n mode l ) 0 
I r i I T - N and p-N i n t e r a c t i o n s a f r a c t i o n o f the energy r a d i a t e d 
was removed t o create 3 f a s t p i o n s . The p r o p o r t i o n o f energy 
removed used i n t h i s c a l c u l a t i o n was chosen t o be i n the range 
0 .4 - * 0 . 6 . The energy spectra o f the secondary p ions produced, 
i n t u r n , by these f a s t pions was s p e c i f i e d by the s tandard CKP 
67 
d i s t r i b u t i o n , . 
The model was used i n two ways : -
( i ) when i soba r p r o d u c t i o n occurred o n l y i n p-N i n t e r a c t i o n s 
and ( i i ) when i sobar p r o d u c t i o n occurred i n p-N and a l so i n T - N 
i n t e r a c t i o n s where E >1000 GeVo 
Table 4-3 shows the r e s u l t s ob ta ined f rom t h i s model f o r 
i n t e r a c t i o n s . I t should be p o i n t e d out t h a t the ' h y b r i d ' 
computa t iona l technique was used f o r these s i m u l a t i o n s and the 
values i n Table 4-3 were ob ta ined by t a k i n g the mean o f smal l 
sampleso 
4-5 .7 The Consequences o f Fevnman Sca l ing 
4 - 5 . 7 . 1 I n t r o d u c t i o n . 
Feynman (1969) considered a hadron t o c o n s i s t o f a l a rge 
number of c o n s t i t u e n t s or par tons ( v i r t u a l p a r t i c l e s ) which have 
sma l l i n t e r n a l momentum. The t o t a l pa r ton momentum may be 
P / expressed as a f r a c t i o n o f the hadron momentum (x = n / E ) (where c 
E i s the cms hadron momentum and P i s the p a r t o n momentum). I n c n ' 
a ve ry h i g h energy c o l l i s i o n the hadron i s broken i n t o i t s 
c o n s t i t u e n t s and i t i s assumed t h a t on becoming ' r e a l ' the 
momentum i s not a f f ec t ed , , Hence the produced p a r t i c l e momentum 
P 
spectrum depends o n l y on the r a t i o x = ^ . 
c 
I f W i s the momentum o f the incoming p a r t i c l e i n the c m . s . , 
the spectrum o f produced p a r t i c l e s i n the cent re o f mass should be 
d 2 a f < x » P t } o f the f o r m , ™ = - t o f u l f i l l the s c a l i n g l aw. 
z t 
(where' p z and p^ _ are the l o n g i t u d i n a l and t ransverse momentum 
components o f the p i o n i n the cen t re o f massj E i s the cent re of 
mass energy o f the p i o n and f (x,p^.) i s a f u n c t i o n which i s 
independent o f W) . 
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4 - 5 . 7 . 2 The Appl ica t ion of the S c a l i n g Law t o Present Work 
I n o rde r t o apply the s c a l i n g law t o the present work i t 
was necessary t o f i n d the fo rm of the f u n c t i o n f ( x , p ^ _ ) . B o g g i l d j 
Hansen and Suk (1971) found t h a t the form o f the f u n c t i o n f i t t i n g 
data a t 19 Gev/c i s 
x 
f ( x , p t ) a — . P t , exp ( 0 - ^ ) 4 .2 
1+exp (-^g ( x - 0 . 6 2 ) ) 
I t should be emphasised t h a t t h i s i s an e m p i r i c a l f i t t o data 
on p i o n p r o d u c t i o n f rom a 19 GeV/c bubble chamber s tudy . The 
i n t e r a c t i o n s t u d i e d were o f the f o r m 
p + p-* TT + a n y t h i n g . 
I n our s i m u l a t i o n s the value o f p^. was chosen f r o m the CKP d i s t r i b u t i o n 
and a value o f x was e x t r a c t e d a t random f r o m a d i s t r i b u t i o n of the 
t y p e o f Eq . 4 .2 The t r a n s f o r m a t i o n t o the l a b o r a t o r y frame of 
r e fe rence was made and the energy o f the p i o n was sub t rac ted f r o m 
the i n t e r a c t i o n energy, E^; the process was repeated u n t i l a l l the 
energy r a d i a t e d had been used to produce p a r t i c l e s . T h i s sampling 
procedure was not economical i n computing t ime and so f o r s i m u l a t i n g 
1 5 
EAS w i t h p r imary energy . >10 eV o n l y those i n t e r a c t i o n s where the 
i n c i d e n t p a r t i c l e had energy i n the l a b o r a t o r y system o f £1000 GeV 
were sca led* . The lower energy i n t e r a c t i o n s were t r e a t e d w i t h the 
' n o r m a l ' i n t e r a c t i o n procedure . 
17 
The r e s u l t s f o r 10 eV p r o t o n i n i t i a t e d EAS s imula ted us ing 
the ' s c a l i n g ' model as descr ibed above are shown i n Table 4 - 2 ; i t 
i s obvious t h a t many o f these r e s u l t s f o r a 'pure s c a l i n g ' model 
70 
are not i n agreement wi th available experimental shower data. 
4 -5 .7„3 The E f f ec t s of Further Modif icat ions of the In te rac t ion Model 
when the 'Sca l ing ' Law i s Applied 
Gaisser (1974) has suggested various ways i n which the b=:sic 
' s c a l i n g ' model f o r in terac t ions may be modified i n such a way as to 
incorporate other contemporary in t e rac t ion phenomena and to produce 
bet ter agreement wi th experimental measurements. These are: 
( i ) use the shortened mean f ree path f o r p-N and T T - N high 
energy in terac t ions suggested by Leader and Maur (1973) -
see §3 -4 .4 and §3-4 .5 
( i i ) include intranuclear cascading 
( i i i ) assume primary pa r t i c l e s wi th atomic mass number > > 1 
(eg i r o n pr imar ies )« 
I n i t i a l l y the f i r s t of these suggestions was included i n our 
simulations and t h i s resul ted i n the depth of maximum development 
-2 
of the e lect ron cascade moving to a depth of »s-680 g cm and the 
at tenuation of the e lectron cascade becoming more rap id . This 
const i tu ted an improvement over the 'normal ' model where the 
at tenuation of the e lect ron cascade i s slower than that found 
experimentally. Howevers the numbers of muons produced were 
a fac tor of 2 lower than these measured. 
Gaisser's l a s t suggestion was then implemented and the resu l t 
of t h i s was to preserve the better agreement of the e lect ron cascade 
and to increase the muon numbers so that they agree reasonably we l l 
w i th experimental r e su l t s . Figs . 4-17(a) , 4-17(b) and 4-17(c) show 
the changes i n the e lec t ron companent, muon energy spectrum and 
muon l a t e r a l d i s t r i b u t i o n r e su l t i ng from these modi f ica t ions ; 
comparison i s made with t he resul t s of the 'normal ' model. 
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From Figs . 4-17 ( a ) , 4-17(b) and 4-17(c) i t i s clear tha t 
'scaling^ when considered i n add i t ion to a shortened mean free 
path f o r protons and pions i n a i r and the assumption of heavy 
primary par t i c les , produces predict ions which agree we l l wi th 
experimental measurement. In add i t i on , many other observable 
shower parameters demonstrate t h i s s i m i l a r i t y of values o r ig ina t i ng 
from the 'normal ' or t h i s scaling model. Those experimental data 
which have caused the re tent ion of the 'normal ' model may now 
support the scaling model used by Gaisser. However, i t has been 
shown that the assumption of i r on nucleus primaries precludes 
large f l uc tua t ions i n obseryables and t h i s may be a l i m i t a t i o n 
of the modelo Evidence f o r large f l uc tua t ions i n the major i ty 
of showers i s not yet f i r m (Al lan e t a l . ( l 9 7 3 ) ) and does not 
at present, const i tute a reason f o r the r e j e c t i o n of t h i s model. 
A deta i led inves t iga t ion of these consequences of ' s c a l i n g ' f o r 
large EAS is being undertaken by K.E. Turvero 
4-5.8 Summary 
The purpose of t h i s chapter was to describe i n d e t a i l the 
average character is t ics of proton i n i t i a t e d EAS which were 
simulated using the 'normal' model and to assess the s e n s i t i v i t y 
of these predict ions to changes i n the i n t e r ac t i on model. 
The resu l t s of the 'normal ' model were found to be, i n many 
cases, i n good agreement with experimental evidence and the 
predict ions of other simulations (wi th the exception of the 
measurements of the attenuation length of the e lec t ron cascade 
through the atmosphere). I t was found that by including the recent 
trend seen i n accelerator data f o r p-p in terac t ions of a r i s i n g 
cross section with energy (and applying i t to both p-N and IT -N 
in te rac t ions ) and assuming a primary p a r t i c l e of mass number of 
%56, good agreement can be obtained, wi th experiemnt f o r the 
average shower character is t ics i f ' s c a l i n g ' i s used to describe 
the momentum d i s t r i b u t i o n of secondaries i n the in te rac t ions . 
C H A P T E R F I V E 
FRAGMENTATION OF PRIWARY HEAVY NUCLEI 
5-1 INTRODUCTION 
I t i s essential tha t a r e a l i s t i c treatment of the break-up 
of heavy nuclei i n the atmosphere i s used i n computer simulations 
of extensive a i r showers i f usefu l comment on the mass composition 
of the primary cosmic rad ia t ion at high energies i s to be made. 
An attempt has therefore been made to produce a sa t i s fac to ry model 
f o r the fragmentation of heavy nuclei on impact wi th a i r nuclei 
employing data available from emulsion studieso This attempt 
represents one of the major innovations of the present study,. 
A f t e r a b r i e f summary of the way i n which the in t e rac t ion 
of heavy nuclei wi th a i r nuclei has been dealt w i th i n e a r l i e r 
s imulat ions, the fragmentation models devised f o r the present 
work are described and the resul ts obtained f o r various EAS 
parameters are catalogued 0 Unless otherwise stated these resul t s 
have been obtained using the 'normal ' model f o r n-N and p-N 
in terac t ions as described i n Chapter 3 0 F i n a l l y comment i s made 
upon these resul t s and the l i k e l y v a l i d i t y of t h i s break-up model 
f o r heavy nuc le i . 
5-2 Models of Heavy Nucleus Interact ions Used i n E a r l i e r Work 
5-2.1 The 'Superposit ion' Model 
The e f f e c t of the fragmentation of heavy nuclei on entering 
the atmosphere has f requent ly been deal t with i n the past by using 
what has become known as the ' super-pos i t ion ' modelo This model 
assumes tha t nuclei can be regarded as an unbound c o l l e c t i o n of 
nucleons> each able to in te rac t separately as a f r ee nucleon, i . e . 
a primary p a r t i c l e of energy E and atomic mass number A i s 
P 
assumed to produce an EAS equivalent to the sum of A showers 
74 
each i n i t i a t e d by a nucleon of energy E^/A. This approach ignores 
the e f f e c t i v e shielding of nucleons when they are i n a nucleus and 
i s equivalent to assuming an i n t e r ac t i on cross-section proport ional 
to A rather than the A° re la t ionsh ip which ac tua l ly preva i l s . The 
resu l t i s to over-estimate the r a p i d i t y with which the EAS develops 
since at no stage are the nucleons boundo Furthermore, t h i s model 
must ser iously underestimate the f luc tua t ions i n the development 
of the nucleonic cascade, and hence the EAS as a whole, which would 
arise from f luc tua t ions i n the way i n which the heavy nucleus 
fragments. Table 2 . 1 indicates those e a r l i e r simulation studies 
which have incorporated the ' super-posi t ion ' model f o r the break-
up of heavy primarieso The consequences of t h i s model f o r showers 
simulated using the present procedures have been consideredo 
5 - 2 . 2 Break-up Model used by Bradt and Rappaport 
Bradt and Rappaport ( 1 9 6 7 ) produced three dimensional 
simulations f o r both proton and i ron nucleus induced EAS„ A f t e r 
studying emulsion data (where the energies involved are of the 
order of GeV/nucleon) they concluded that high energy heavy nuclei 
t y p i c a l l y survive several in terac t ions before complete d i s in tegra t ion 
in to single nucleons. They therefore decided that the super-posit ion 
model was inappropriate and instead produced a model that they 
considered to be consistent wi th observations at lower energies.. 
Each i n t e r a c t i o n of the heavy nucleus caused approximately 40% 
of the matter to be detached i n the form of alpha p a r t i c l e s . I n 
the ensuing in t e rac t ion of each alpha p a r t i c l e , four nucleons were 
released and they i n turn produced pions i n t h e i r subsequent 
in te rac t ions . The net a f f e c t of t h i s break-up model was to create 
a d i s t r i b u t e d source of nucleons i n the upper 50-150 g.cm. of the 
atmosphere. 
This model represented an improvement on the ' super-pos i t ion ' 
approach but was un rea l i s t i c i n tha t no pions were produced i n the 
fragmentation interact ions of e i ther the heavy nucleus or the alpha 
p a r t i c l e s . Another c r i t i c i s m of the model i s tha t no f ree nucleons 
were released during the fragmentation of the heavy primary and i t 
seems un l i ke ly that a l l the mass detached would be i n the form 
of alpha p a r t i c l e s . However, t h i s development was important and 
indicated the possible l i m i t a t i o n s of the . ' super -pos i t ion ' approach 
This model was also employed by Theilheim and his col laborators . 
(Theilheim and Beiresdorf , (1970)). 
5-3 A Simple Fragmentation Model f o r Heavy Nuclei 
5-3.1 Description of the Model 
The successive development of a fami ly of interact ions. 
reconstructed from data obtained i n an emulsion stack f lown a t 
Brawley, C a l i f o r n i a is shown i n F i g . 5-1 (Abraham et a l (1967)); t h i s 
represents c l ea r ly the s i t u a t i o n i n the ear ly stages of an EAS. 
The charge of the primary nucleus was Z = 15. The primary 
nucleus and i t s heavy (Z> l ) fragments produced seven in terac t ions 
i n the stack and the analysis was consistent wi th these in terac t ions 
being produced by nuclei carrying the same energy per nucleon. 
Seventeen s ingly charged pa r t i c l e s were emitted from these seven 
-3 
heavy fragment in teract ions at angles smaller than 10 rad. and 
these pa r t i c l e s form a ' core ' which was we l l separated from the 
tracks appearing at greater angles. This feature and the m u l t i -
p l i c i t y i n the group, which was close to the number of protons i n 
the primary nucleus (Z - 15) , strongly suggested tha t these tracks 
were due to protons emerging from successive breakups of the primary 
nucleus. The nucleons released i n the in terac t ions were not a l l 















































type is described by the notation 
(A+B+QD, where A is the number 
of secondaries at plateau ionization, 
B the number of gray and black tracks, 
C if any, indicates the nature of out-
going fragments of Z>2, and D the 




Approximately 150 mesons were produced i n add i t ion to the 'core ' 
pa r t i c l e s i n the seven successive break-ups of the mul t ip ly charged 
fragments and i t can be estimated tha t roughly only one-half of the 
nucleons composing the primary heavy nucleus did not interact.. 
Therefore observation of the energies of the core pa r t i c les should 
show an upper l i m i t corresponding to' the true per nucleon primary 
energy. 
The deta i led study of these data l e / d to the construction 
i n 1971 of a simple fragmentation model f o r heavy nuclei i n the 
atmosphere i n which the fragmentation of the heavy nucleus was 
only p a r t i a l upcn each in t e r ac t ion . F ig . 5-2 shows the fragmentation 
scheme adopted together wi th the f luc tua t ions allowed i n the various 
parameters. (Further study of emulsion data to be described l a t e r 
suggested tha t these f luc tua t ions were underestimates). This 
scheme of fragmentation was incorporated both in to the f u l l Monte-
Carlo model and in to the hybrid model (see § 3 - 5 . 3 and 3-5„4)o 
The break-up of the alpha pa r t i c l e s was deal t wi th as w i l l 
be described i n §5 -3 .3 and the mean f ree path used f o r heavy 
nuclei was tha t spec i f ied i n 15-3.2 . In order to obtain the 
average charac ter i s t ics of a i r showsrs produced by energetic 
heavy n u c l e i , the nucleon cascade was computed f i f t e e n times and 
the average of these cascades was used to i n i t i a t e the pion 
generations of a single simulated shower which provided a v a l i d 
representation of an average shower,, 
5-3.2 The Mean Free Path f o r In te rac t ion 
The i n t e r ac t i on mean free paths f o r heavy nuclei are found 
from the overlap model of nuclear in terac t ions which gives the 
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C . , = T T r 2 (A * + A * - 2 f ) 
i t o i t r Q 
where the nuclear radius i s given by r = r Q A 3 and AT i s the overlap 
parameter. This simple model of in teract ions i s based p r imar i ly 
Upon geometrical considerations but when TQ i s taken to be 1„20F 
and Ar as 0.25F the cross sections obtained f i t experimental data 
we l l (Cleghorn et a l , ( l 9 6 7 ) ) . The mean f ree path f o r a nucleus 
of mass A i n a i r i s spec i f ied by : -
X a = 353 
A r ^ -
(1.23 + A 3 T 
The mean f ree paths of heavy nuclei are found experimentally to be 
independent of energy i n the range 100 MeV/nucleon to 30 GeV/nucleon, 
and no energy dependence has been included i n our appl ica t ion at 
higher energies. 
5-3.3 The Fragmentation of Alpha Par t ic les 
The mean free path of alpha pa r t i c l e s i n emulsion i s 
approximately 20 cms and t h i s perhaps accounts f o r the sparse 
data avai lable on t h e i r fragmentation. However, from a systematic 
study of d is in tegra t ions produced by alpha pa r t i c l e s wi th energy 
>6 GeV/nucleon, Rao et a l , (1956) concluded that commonly only 
one or two nucleons in t e rac t wi th the ta rge t nucleus to produce 
f a s t secondaries. Comparison i s made i n Table 5-1 between the 
e f f e c t s on some of the EAS parameters of the two most l i k e l y 
modes of fragmentation of alpha pa r t i c l e s i n which one or two 
nucleons i n t e r ac t ; the d i f ferences can be seen to be minor. In the 
present work we have assumed that one nucleon in te rac ts coherently 
on c o l l i s i o n wi th an a i r nucleus and the other nucleons are f r eed . 
5-3.4 Results obtained from the Simple Fragmentation Model 
The e f f e c t of t h i s model i s to produce a d i s t r i b u t i o n of f ree 
nucleons i n the atmosphere t y p i f i e d by the data of the histogram 
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Depth bins (each of 258g cm"1") 
Figure 5-3' 
Distributions of the points in 
the atmosphere where the 
constituent nucleons of heavy 
primary nuclei f i r s t interact 
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from changing the proportion of a lpha-par t ic les produced and the 
percentage of the mass remaining bound as a sub-heavy. 
The resu l t s achieved using t h i s model are i n broad agreement 
wi th those of ' super-posi t ion ' as f a r as the muon component of a i r 
17 
showers i s concerned i n 10 eV showers. F i g . 5-4 shows a comparison 
of the muon t o t a l number spectrum and the l a t e r a l d i s t r i b u t i o n of 
muons obtained from the superposition model and the simple fragmen-
17 
t a t i o n model f o r 10 eV i ron nuc leus in i t ia ted EAS. The electron 
cascade of EAS based on th i s model was found to develop lower i n the 
atmosphere than that produced by the ' super -pos i t ion ' model. This 
implies tha t the d i f ference between the long i tud ina l development 
of prcton and heavy nucleus i n i t i a t e d showers is diminished i f 
t h i s simple fragmentation approach i s adoptedo F i g . 5-5 shows a 
comparison of electron long i tud ina l cascades f o r proton i n i t i a t e d 
EAS and f o r i r o n nucleus i n i t i a t e d EAS based upon 'super-position* 
17 
and the simple fragmentation model. (The primary energy i s 10 eV 
i n a l l cases). 
Since the values assigned to the f l u c t u a t i o n parameters were 
based upon l i m i t e d data (and subsequently shown to be underestimates), 
t h i s model cannot u se fu l l y be used to give a r e a l i s t i c estimate 
of the f l uc tua t ions to be expected i n observables of a i r showers 
i n i t i a t e d by primary par t i c les heavier than protons. 
5-4 A Rea l i s t i c P a r t i a l Fragmentation Model 
5-4.1 Basic Data 
Emulsion data f o r heavy nucleus- CNO c o l l i s i o n s at energies i n 
the region of 5 GeV/nucleon were provided f o r use i n these calculat ions by 
Waddington and FreierC1972) y { 1973)). The data consisted of de t a i l s of 213 
in terac t ions i n carbon and 838 i n emulsion. The in terac t ions i n 
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Comparison of the longitudinal 
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emulsion, as judged on the basis of the number of particles emitted 
from the target nucleuso Of the total 1051 interactions, 427 were 
produced Ly VH-nuclei, (Z^20) , 69 by MK-nuclei ( l 5 ^ Z $ 1 9 ) , 146 
by LH - nuclei ( lO^Z$ 14), 329 by M-nuclei (6<Z<?9) and 80 by 
L-nuclei ( 3 < Z « : 5 ) , The data were believed to be a l l of reasonably 
high quality, without serious systematic errors , and internally 
self consistent. Although there is no guarantee that there i s no 
slow energy dependence of the fragmentation modes that would become 
important when extrapolated to E.AS energies, i t seems that using 
this data i s the most satisfactory approach to the problem of 
simulating heavy nucleon induced EAS presently available. Comment 
i s made later on the l ikely validity of this approach and the 
consequences for i t of recent discoveries in. high energy physics 
(§5 -6 ) . 
5-4.2 The Computational Procedure 
The details of each of the 1051 interactions were stored in 
a data bank with the interactions grouped according to the charge 
of the incident particle . For each interaction the following 
data were available:.-
( i ) the number of neutrons freed, 
( i i ) the number of protons freed, 
( i i i ) the number of alpha particles released, 
( iv) the charge of the fragment(s) produced. 
To construct the pattern for the break up of a heavy nucleus 
in the atmosphere the following procedure was adopted. The point 
of interaction of the primary nucleus was chosen from a pseudo-
random distribution with mean corresponding to the appropriate 
mean free path described in S5-2.2. An interaction of the required 
charge was then extracted at random from the data bank. The 
information available concerning the chosen ' s tar ' describes the 
81 
interaction completely except for the number of nucleonsthat 
interact coherently to produce pions. This quantity was chosen 
from a f l a t distribution such that between 18% and 32% of the total 
number of nucleons freed interacted coherently (Shapiro, private 
communication (1973)). I n cases when only a few nucleons were 
freed in the interaction precautions were taken to avoid producing 
too high a proportion of events with no coherently interacting 
nucleons. 
This information enabled the freed nucleons to be followed 
to sea l eve l , the alpha particles to be followed unt i l interaction 
and their constituent nucleons followed to sea l eve l , and the 
procedure of picking a point of interaction and an appropriate 
' s tar ' from the data bank to be repeated for each of the fragments. 
In this way the cascade was followed unti l sea level was reached 
by a l l the constituent nucleons. Fig„ 5-6 shows the form of a 
typical nucleon cascade resulting from the break-up of a s i l i con 
nucleus in the atmosphere. 
5-5 Results Obtained for Average Shower Characteristics 
5-5.1 Muon Component 
The results obtained from this part ial fragmentation model 
for the muon component of a i r showers init iated by iron nuclei 
17 
of 10 eV are broadly in agreement with those from the 'super-
15 
position 1 model. However, at 10 eV the agreement between the 
two models i s not as good, the super-position model giving a 
muon total number spectrum which i s closer to the proton spectrum 
than the part ial fragmentation model, (See Fig„ 5-7)) . However, 
the difference in the results from the two models i s not great and 
the difference between the muon numbers produced by either fragmentation 
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much greater than the difference between the numbers produced by 
the two fragmentation modelso The iron nucleus init iated EAS is 
characterised by approximately 50% more muons than the proton 
init iated EAS in the range of muon energy 1 to 100 GeV. 
5 - 5 . 2 The Electron Component 
Heavy nucleus induced a i r showers would be expected on average 
to develop higher in the atmosphere than proton init iated showers 
regardless of the model assumed for the fragmentation. This is 
a direct consequence of EAS init iated by protons developing lower 
in the atmosphere as the primary energy i s increased (see F i g . 4 . 3 ( a ) ) 
Since the super-position model assumes that the development of a 
shower init iated by a primary of mass A and energy E^ i s equivalent 
to the sum of A proton showers of (lower) primary energy E /k the 
P 
depth of maximum development of the electron cascade of such an 
a i r shower i s predicted by this model to be that associated with 
a proton of energy E ^ / A . Therefore for an iron nucleus init iated 
1 7 
shower of primary energy 1 0 eV the depth of maximum predicted by 
the super-position model is that associated with a proton of energy 
1 5 —2 1 7 1 . 7 8 1 0 eV (ie 5 8 4 g.cni, ) . A 1 0 eV proton init iated shower 
simulated using the 'normal' model has i t s depth of maximum at 
694 g cm . Therefore i f one assumes the superposition model for 
the fragmentation of an iron nucleus the predicted difference in 
the depth of maximum of iron and proton init iated a i r showers i s 110' 
~2 1 7 g .cm, when the primary energy is 1 0 eV. 
The part ia l fragmentation model however predicts the average 
depth of maximum of the electron cascade of an a i r shower init iated 
1 7 - 2 x. 
by a 10. eV iron nucleus to be1 6 2 3 g.cm ^ thus reducing the 
difference between an iron nucleus and proton induced shower to 
- 2 
7 1 g cm . This has serious implications as far as attempts to 
measure the mass composition of the primary cosmic rays by the 
83 
determination of the average depth of maximum of EAS of known 
primary energy i s concerned. 
The average development of the electron cascades through the 
atmosphere predicted by both the 'super position' model and the 
17 
part ia l fragmentation model for a 10 eV iron nuclei are shown in 
F i g . 5-8 where they are compared with the electron cascade from 
a proton induced EAS. 
Fig 5-9 shows a comparison of the lateral distribution of electrons 
of energy in excess of 10 MeV at sea level produced by an iron nucleus 
17 
init iated EAS and a proton init iated EAS both of primary energy 10 eV. 
The predictions of both the part ia l fragmentation model and the 
super-position model for the iron nucleus ini t iated shower are 
shown. A consequence of the longitudinal development of the electron 
cascade derived from the part ia l fragmentation model causes the 
flattening of the electron lateral distribution near the core to 
become less pronounced and the difference from the lateral distribution 
of a proton shower i s thus diminished. 
5-5.3 The Water Cerenkov Detector Response at He.verah Park 
The average response of deep-water Cerenkov detection of the 
type used at the Haverah Park experiment has been calculated for 
simulated a ir showers init iated by Fe-nuclei. F i g . 5-10 shows the 
result of this calculation compared with the response from a proton 
17 
init iated EAS of the same primary energy (10 eV). The difference 
between the two structure functions i s extremely sl ight which-is an 
indication that studying the average deep water Cerenkov detector 
responses at Haverah Park would not yield a strong measure of the 
primary particle mass composition. The detector responses were 
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5-5.4 The Ratio of the Muon Density to the Response of the Deep 
Aj 
Water Cerenkov Detectors 
m 
The measurement of » has been discussed in §4-2 .6 and the 
Ac a 
simulation results for this ratio as a function of core distance 
are displayed in F ig . 4-12 for both proton and iron nucleus init iated 
EAS. Comparison i s made with the experimental results of Arrnitage 
(1973). The results of the 'normal' model for interactions 
together with the part ial fragmentation model for iron nuclei described 
ALL 
in §5-4 predict values of ^ which are not in good agreement with • 
experimental results . 
5-5.5 The Optical Cerenkov Radiation Lateral Distribution 
The optical Cerenkov radiation lateral distribution has been 
calculated for a selection of iron init iated a i r showers which were 
simulated using the partial fragmentation model for the break-up 
of heavy nuclei described in §5 -4 . The result of the average of these 
distributions i s shown in F i g . 5-11. Comparison is made with the 
lateral distribution predicted for proton initiated a i r showers with 
the same depth of maximum development of the electron cascade. The 
lateral distribution from the iron init iated EAS is rather f lat ter 
than the distribution with which i t i s comparedo 
5-6 The Likely Validity of the Assumed Fragmentation Model 
The emulsion data forming the basis for the simulations described 
in this chapter were obtained from the fragmentation of heavy nuclei 
of energies much lower than those associated with interactions involved 
in high energy EAS. I t i s therefore important to recognise the possible 
limitations of the model. 
Recent accelerator experiments indicate that there is a rise 
in the inelast ic proton-proton cross sections at energies of about 
10' 
I 
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1000 GeV in the laboratory system. (Amendolia et al^(l973)). A 
consequence of this for heavy nucleus - a i r nucleus interactions may 
arise from the effective increase of the range of the nuclear force 
implied by the increased cross-section, producing greater 
fragmentation than in lower energy interactions. This could mean 
that the true representation of the fragmentation of heavy nuclei 
may l ie somewhere between 'super-position* and the part ia l 
fragmentation described in this chapter. 
On the other hand, there i s also evidence that at energies above 
those appropriate to the emulsion data which form the basis for the 
part ia l fragmentation model secondary particles are released in a 
cone, the angle of which decreases with increasing energy. This 
might result in less disturbance to the heavy nucleus on impact 
with an a i r nucleus and would make the part ial fragmentation model 
used here a lower estimate of the true pictureo 
In conclusion therefore, i t must be emphasised that there i s 
l i t t l e evidence to support the use of this fragmentation model or 
any other at the EAS energies. However, at least the data at emulsion 
energies i s f i t ted which i s one of the main objectives when deciding 
upon the correct model for a i r shower simulations. 
86 
C H A P T E R S I X 
FLUCTUATIONS I N SHOWER DEVELOPMENT 
6-1 Introduction. 
L i t t l s is known about the mass composition of the primary 
cosmic radiation at high energies ( > 10 "sV/nucleus).. Indeed, there 
i s a lack of firm evidence to support any of the widely differing 
views presently held as to the nature of the energetic primaries.* 
A possible method for the determination of the nature of this 
radiation i s based upon the study of fluctuations in the observable 
parameters of EAS. The fundamental assumption upon which this 
approach is based i s that the fluctuations of some observables in 
proton init iated a ir showers are very much greater than those of 
the corresponding quantities in heavy nucleus init iated shower-i; 
the large fluctuations in proton showers are thought to arise 
from the relat ively long mean free path for co l l i s ion of the primary 
with an a ir nucleus. The aim of this chapter i s to assess as 
accurately as possible the magnitude of the fluctuations of 
observables in proton and heavy primary induced a ir showers and to 
decide which observables are most l ike ly to yield reliable 
information about the longitudinal development of .EAS. We shall 
also consider which cbservables do not fluctuate and therefore 
may be used to determine the primary energy regardless of the 
cascade development. In order to make this assessment the 'normal' 
model for shower development (described in Chapter 3) has been used 
although the effects of changing the model for nuclear interactions 
on the fluctuations have been investigated. 
These investigations refer to the primary energy range of 
15 18 
10 - 10 eV and a total of more than 650 simulations form the 
basis of the work. Table 6-1 gives a summary of the simulations 
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Energy (eV) Computational Characteristics Number 
Technique of of 
Employed Simulations Simulations 
A = 1 'normal' model i 54 
A = 1, E £ mult, law 25 
•hybrid' P 
A = 56 normal model 25 
1 0 1 5 
A = 56 'scaling' 25 
A = 1 'scaling' 25 
A = 1 'normal' model 25 
A = 56 " " 25 
Monte Carlo 
A = 1 'scaling* 25 
A = 1 E 1 mult law 
P 
25 
10 1 6 •hybrid 1 A = 1 'normal* model 25 
A = 4 'normal * model 25 
1 0 1 7 
A = 56 " " 25 
•hybrid' A = 1 . 11 " 80 
A = 1 isobar model i 20 
A = 1 E p 2 multo law 25 
A = 1 'scal ing' 20 
i o 1 8 'hybrid' A = 1 'normal' model;9=0° 73 
A = 1 'normal* model;e=30° 109 
TABLE. 6-1 
Summary of Simulation Data Available for Fluctuation Studies* 
made f o r each primary pa r t i c l e mass and indicates the computational 
procedure usedo The minimum number of simulations upon which the 
in te rpre ta t ions that f o l l o w are based i s 20§ i n the most important 
IT 18 
cases there are considerably more0 For example 10 - 10 eV proton 
i n i t i a t e d showers have samples comprising more than ICO simulations 
eacho 
Table 6-2 gives a comparison of the f l uc tua t i ons i n various 
EAS parameters from 10 'eV i r o n nucleus i n i t i a t e d a i r showers 
produced by the ' hyb r id ' and the Monte Carlo computational techniques 
On the basis of t h i s comparison i t was assumed tha t the f l uc tua t i ons 
produced by the 'hybrid* procedure f o r parameters i n EAS of primary 
energy >10 "eV would be r e a l i s t i c 
The resul t s f o r shower f luc tua t ions derived from these 
simulations are compared as f a r as possible wi th experimental 
resul t s and the resul ts of other model calculationso 
6-2 Fluctuations of the Electron Component 
6-2.1 Proton I n i t i a t e d EAS 
The average long i tud ina l development of the e lect ron cascade 
of proton i n i t i a t e d a i r showers i s characterised by the primary 
energy (see Fic;. 4 - 3 ( a } ) . As the primary energy increases, on 
average, the e lectron cascade develops deeper i n the atmosphere. 
However, i nd iv idua l a i r showers can comprise e lect ron cascades that 
d i f f e r great ly from the mean. F i g . 6-1 shows the electron cascade 
from a sample of ten proton i n i t i a t e d a i r showers of primary 
17 
energy 10 eV„ 
* • 
The number of electrons observed at cascade maximum, as i s 
the case at the Chacaltaya experiment f o r showers of energy,*, 
15 
10 eV, i s o f t e n used as a d i r e c t i nd i ca t i on of the primary 
energy; i t i s in te res t ing to note the f l uc tua t i ons present i n t h i s 
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quanti ty at t h i s and other observation depthso F i g . 6-2 shows the 
r e l a t i ve standard devia t ion of the electron size as a func t ion of 
atmospheric depth of the observation leve l f o r protcn i n i t i a t e d 
15 17 
a i r showers wi th primary energies of 10 eV and 10 eV» I t i s 
i n s t ruc t i ve to compare the f luc tua t ions i n e lec t ron size present 
-2 1^ 
at an atmospheric depth of 530 g cm f o r a primary energy of 10 "eV 
wi th the f luc tua t ions i n the Haverah Park ground parameters P(600) 
17 
at sea leve l f o r EAS cf primary energy ^ 10 eV. The Haverah Perk 
measure of the primary energy i s observed to be f a r less 
su6ceptable to f l u c t u a t i o n than i s the e lectron size at maximum 
(9$ as opposed to 22%). 
F i g . 6-3 (a) shows the r e l a t i ve standard devia t ion f o r the 
depth of maximum cascade development as a f unc t i on of energy f o r 
proton i n i t i a t e d a i r showers simulated using the 'normal* model 
f o r nuclear in te rac t ions . Comparison i s made wi th the f luc tua t ions 
obtained by H i l l a s et a l , ( l 9 7 l ) using t h e i r Model A. 
The f luc tua t ions i n the number of elect ions at sea l e v e l , 
lc> 18 
^ e S L ' ^ a v e D e e n calculated at energies between 10 "-10 eV and 
the r e l a t i v e standard deviations are shown i n F i g . 6-3 (b ) . The 
model calculat ions wi th which these resul ts are compared are those 
of Kris t iansen e t a l . ( l 9 6 6 ) , de Beer et a l . ( l 9 6 8 ) and Marsden ( l Q 7 l ) . 
6-2.2 Heavy Primary I n i t i a t e d EAS 
I n t u i t i v e l y one would expect the f l uc tua t i ons i n heavy primary 
i n i t i a t e d EAS to be smaller than those produced by proton i n i t i a t e d 
a i r showers. This i s so because, even wi th the form of fragmentation 
described i n Chapter 5, the major i ty of nuclecns i n a heavy nucleus 
-2 
are f ree by the time they reach an atmospheric depth of 150 g cm 
and then they produce an ove ra l l smoothing e f f e c t on the f l u c t u a t i o n s . 
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a function of energy. 
of the e lect ron cascade and the e lectron number at sea leve l have 
been calculated using the p a r t i a l fragmentation model described i n 
the previous chapter and are shown as a func t ion of energy f o r a 
primary of atomic mass number 56 i n Figs.. 6-4(a) and 6-4(b)„ The 
' superpos i t ion ' model predicts f luc tua t ions i n heavy nucleus 
i n i t i a t e d showers specif ied by a r e l a t i v e standard deviat ion which 
varies as: 
° A = £P ( H i l l a s et a l . ( l 9 7 l ) ) . 
A 
The predict ions of such a model based on our calculat ions 
f o r protons primaries are also shown. The v a r i a t i o n i n f luc tua t ions 
predicted by the p a r t i a l fragmentation model as a func t ion of primary 
atomic mass number, A, are shown i n F i g . 6-5. 
6-2.3 Comparison wi th Expa riir.ental Data 
The theo re t i ca l predict ions f o r f l uc tua t i ons i n the e l e c t r o n 
cascade can be compared with experimental resul t s by studies of 
the radio emission and the o p t i c a l Cerenkov l i g h t from EAS, both 
of which may be expected to r e f l e c t the long i tud ina l development 
of the e lec t ron cascade. 
I t has been established tha t the pat tern of the radio l a t e r a l 
d i s t r i b u t i o n gives information about the long i tud ina l development 
of the shower and i n pa r t i cu la r about the height of shower maximum 
above the receiving antennae. A l l a n e t a l . ( l 9 7 3 ) measured the 
l a t e r a l d i s t r i b u t i o n of the radio emission at 60 MHz f o r approximately 
17 
100 showers wi th energy >10 eV at varying zenith angles and on the 
basis of these measurements concluded tha t f o r showers recorded 
by the Haverah Park EAS array of the same energy and zenith angle 
the pos i t i on of shower maximum appears to f l uc tua t e by more than 
-2 
100 g cm about i t s average p o s i t i o n . These resu l t s are supported 
h 
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to some extent by Mandolesi et a l . ( l 9 7 3 ) who have published resul t s 
from t h e i r EAS array at Bolognao The e lec t ron size range f o r which 
resul ts are quoted i s 9x10 -> 7x10 pa r t i c l e s ( th i s corresponds to 
16 17 
an energy range MxlO -* 3x10 e V j . This group f i n d a large spread 
i n the points i n t h e i r l a t e r a l d i s t r i b u t i o n curve which could be 
caused by f luc tua t ions i n the height of maximum development of the 
electron cascade. 
F i g . 6-6 shows a comparison of the predict ions f o r f luc tua t ions 
i n the height of maximum development of the e lec t ron cascade from 
proton and heavy primary i n i t i a t e d a i r showers from the present 
work with the experimental resul ts quoted above,, I t should be 
emphasised most s trongly that the experimental data available 
are subject to substant ia l uncertaint ies i n absolute values (Allan 
et a l » ( l 9 7 3 ) ) . I t w i l l be of great in te res t to see whether or not 
the radio data are confined by the data on other components of the 
shower tha t w i l l become available i n the near fu tu r e (eg.the 
o p t i c a l Ceienkov signal from EAS). 
F i g . 6-7 shows the extreme f luc tua t ions of the e lec t ron cascade 
17 
f o r a i r showers i n i t i a t e d by protons of energy 10 eV predicted by 
the present workjcomparison i s made with data showing the same degree 
of f l u c t u a t i o n from showers i n i t i a t e d by i r o n nuclei of the same 
energy. This comparison confirms the v a l i d i t y of the fundamental 
assumption of f l u c t u a t i o n studies (ie tha t i t i s possible to uniquely 
d i s t ingu ish w i l d l y f l u c t u a t i n g proton i n i t i a t e d EAS) even i f the 
more r e a l i s t i c p a r t i a l fragmentation model f o r heavy nuclei 
(described i n Chapter 5) i s used. 
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6 - 3 Fluctuations i n the Muon Component 
6 - 3 . 1 In t roduct ion 
I t has been we l l established f o r some time both from experiments 
and from model calculat ions that the muon component of a i r showers 
f luc tua tes to a lesser extent than does the e lectron component.. 
The f luc tua t ions i n various apsects .of the muon component have been 
calculated f o r the 'normal ' model wi th pa r t i cu l a r a t t en t ion being paid 
those aspects tha t might be measurable at the Haverah Park experiment.. 
I t should be noted that the basic calculat ions do not include 
geomagnetic and coulomb scat ter ing of the muons f o r E A S w i th primary 
energy > 1 0 ~eV; Stephenson and Turver ( 1 9 7 3 ) have made a more 
re f ined study of the muon component using the pion production 
spectrum from the present work as the s t a r t i ng pcinto I t i s 
therefore not the authors i n t e n t i o n to make a de ta i led comparison 
of the predicted f luc tua t ions f o r (say) the muon time delays with 
the work of other authors (eg. Lapikens ( 1 9 7 4 ) )o 
6 - 3 . 2 Proton I n i t i a t e d E A S 
The f luc tua t ions of the t o t a l muon number as a f unc t i on of 
primary energy calculated from the present work are shown i n F i g . 6 - 8 
where they are compared wi th the resul t s of Marsden ( 1 9 7 1 ) and 
Khrist iansen et a l ( 1 9 6 6 ) . The f luc tua t ions decrease wi th 
increasing primary energy, as do the f luc tua t ions of the electron 
component bu t , f o r example, at 1 0 weV the value of the r e l a t i v e 
standard devia t ion of the muon number ( >lGeV) i s much smaller 
(l3%) than the r e l a t i v e standard devia t ion of the e lec t ron size ( 8 0 % ) . 
One of the reasons f o r the f luc tua t ions being less f o r the muon 
component at sea leve l than f o r the e lectron component i s tha t the 
muon cascade has a very long at tenuation length and t h i s means tha t 
the cascade i s essen t ia l ly at or near maximum development over a 
I present work 
M Mar scion (19 71) 
K Khristiansen et a l . (1966) 
PRIMARY ENERGY ( e V ) 
Figure 6 - 8 
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wide range of depths i n the atmosphere. F i g . 6-9 shows a t y p i c a l 
development curve f o r the t o t a l number of muons i n EAS and a 
s t r i d i n g feature of these curves i s the slow at tenuta t ion over the 
range considered. 
The f luc tua t ions i n the density of muons with energy greater 
than 1 GeV at various distances from.the shower core have been 
calculated and are displayed i n F i g . 6-1C Unfortunately two 
problems are encountered i f one considers using these f luc tua t ions 
as a t o o l f o r detecting primary protons. I f measurements are made 
near the core where the densit ies are greater, the core loca t ion 
er ror becomes an important f a c t o r , and unless i t i s very smal l , 
obscures the genuine f l u c t u a t i o n s . On the other hand, i f one 
moves f a r away from the core i n order to make the measurements 
the density f a l l s o f f r ap id ly and 'sampling' errors become important. 
6-3.3 Heavy Primary I n i t i a t e d EAS 
The e f f e c t on the f l uc tua t i ons i n the muon component of EAS 
of an increase i n primary mass from A = 1 to A = 56 i s shown i n 
17 
F i g . 6-11 f o r 10 eV primary p a r t i c l e s . Increasing the primary 
mass has the e f f e c t of reducing the size of f l uc tua t i ons ; f o r 
example, i f one considers the muon density at 50m from the shower 
core the r e l a t i v e standard deviat ion i s 11.1% f o r proton i n i t i a t e d 
EAS and 3.6% f o r i r on nucleus i n i t i a t e d showers. (Unfortunately 
both the core loca t ion error and the need f o r many expensive 
muon detectors to ensure a measurement at 50m would at present 
preclude the use of these f luc tua t ions to detect protons i n the 
primary cosmic r a d i a t i o n ) . 
6-4 Fluctuations i n the Deep Water Cerenkov Detector Response 
at Haverah Park 
I t i s important when choosing a measurement to act as a 
primary energy estimator that i t does not f l uc tua t e much f o r 
Ep = 10eV 
Ep =10 eV 
530 630 730 830 930 
Atmospheric depth lg -cm l ) 
Ficiure 6-9 
The longtidinal development of 
the muon component of proton 
in i t ia ted EAS of primary 
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showers of a fixe d primary energy., At Haverah Park the measurenent 
that has been evolved f o r t h i s purpose i s the deep water Cerenkov 
detector response at 600m from the a i r shower core (p(600)) 
(H i l l a s (1970)). The fluctuations i n the r a t i o p(50)/p(500) arisin g 
from p(50), have been suggested as a .possible way of distinguishing 
protons from heavier pa r t i c l e s (Reid, (1971 ))„ For both these 
reasons i t i s considered important to study the fluctuations 
produced i n the detector response at a l l core distances using our 
'normal1 model f o r interactions.Fig D 6-12 shows the v a r i a t i o n i n 
the f l u c t u a t i o n of p(r) as a function of r for both proton and 
17 
heavy nucleus i n i t i a t e d a i r showers of primary energy 10 eV„ 
I t can be seen that the r e l a t i v e standard deviation of p(600) 
is approximately 8% and i t i s therefore a very good measurement 
to use as a primary energy evaluator. 
The fluctuations i n p(50)/p(500) for proton and iron nucleus 
i n i t i a t e d EAS have been calculated to be 23% and 12% respectively 
and t h i s woibld therefore seem to be a promising method f o r 
detecting the presence of proton primaries by t h e i r extreme 
fluctu a t i o n s . 
6-5 Effects of Changes i n the Model f o r Interactions upon the 
Fluctuations of Air Shower Parameters 
The s e n s i t i v i t y of the average shower characteristics to 
changes i n the representation of p-N and n-N interactions has 
been investigated and discussed i n Chapter 4» The fluctuations i n 
the predicted shower parameters have been studied f o r these 
changes of the model f o r interactions; the results are summarized 
i n Table 6-3 f o r models involving large changes i n the m u l t i p l i c i t y 
of secondaries i n interactions.. The 'scaling' model, which has 
a m u l t i p l i c i t y law varying as the logarithm of the radiated energy, 
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Model f o r I n t e r a c t i o n s cr cr cr O" 
Ne , s i N ^ ( > l G e V ) tmax 100m) 
'Normal' model 44 - 4% 7 - 0.7% 13.2 ± 1.2% 8.5 - 0.8% 
S c a l i n g model 
("of InE p ) 46 - 13% 27 - 8% 11 - 3% 26 - 7% 
High m u l t i p l i c i t y 
model (ngo< Ep2) 45 - 7% 7.7 - 1.2% 14 - 2.2% 10 - 1.6% 
TABLE 6-3 
Comparison of the F l u c t u a t i o n s P r e d i c t e d 
f o r the Muon and E l e c t r o n components of 
EAS when the M u l t i p l i c i t y Law f o r the 
Production of Secondary P a r t i c l e s i s 
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(ln(E )) produces very much larger flucatuions i n the muon numbers 
than ei t h e r the CKF- model (E^ 4) or the high m u l t i p l i c i t y model 
( E ^ 8 ) 0 However, fluctuations i n the electron component for a l l 
three models are indistinguishable. 
6-6 I d e n t i f i c a t i o n of the Main Causes of Fluctuations i n EAS 
6-6.1 Introduction 
In the following section attempts have been made to i d e n t i f y 
the main causes of fluctuations i n both proton and heavy nucleus 
i n i t i a t e d a i r showers. As a t o o l i n t h i s search, tests of correlation 
have been made using a standard s t a t i s t i c a l treatment of the datao 
The procedure produces a value f o r the product moment coe f f i c i e n t 
of c o r r e l a t i o n , r , f o r each pair of variables considered. I t should 
be noted that the normal quantitative i n t e r p r e t a t i o n of such values 
is not v a l i d because i n some cases the variables are not l i n e a r l y 
related and also the number of values i n each sample i s not constant; 
t h i s makes the i n t e r p r e t a t i o n of r not straightforward. However, 
r has been used as a qualatatiye guide to the correlations between 
sets of variables and has proved most satisfactory i n t h i s respects 
6-6.2 Proton I n i t i a t e d A i r Showers 
I t has been suggested by authors i n the past (eg Ueda and Ogita 
(1957)) that the main cause of fluctuations i n the a i r showers 
i n i t i a t e d by protons i s the point of f i r s t i n t e r a c t i o n of the 
primary a f t e r i t has entered the atmosphereo In order to t e s t 
the v a l i d i t y of t h i s hypothesis using the present calculations, the 
co r r e l a t i o n c o e f f i c i e n t was calculated between the point of i n i t i a l 
i n t e r a c t i o n , , and various f l u c t u a t i n g parameters i n EAS. Table 
6-4 shows the result of t h i s investigation for proton primary 
16 17 ^ i n i t i a t e d EAS of energy 10 eV, 10 eV, and 10 eV. The corre l a t i o n 
between X. and the components of a i r showers showing large 
Energy 10 1 6eV 17 10 1 eV 10 1 8eV 
r f o r X 
and h, 
tmax 
.818 .913 0.764 
r f o r nsec.^ 
and h. 
tmax 
.205 .178 -ii096 
r for X 
and Ne S L 
.864 .874 .851 
r f o r nsec^ 
and NegL 
.314 .178 -.118 
r f o r X^  
and p(50) 
- .830 .825 
r for nsec^ 
and p(50) - .150 -.134 
TABLE 6-4 
r = corre l a t i o n c o e f f i c i e n t 
X j= point of f i r s t i n t e r a c t i o n of primary p a r t i c l e 
nseCj= number of secondaries produced i n 1st int e r a c t i o n 
^>(50) = deep water Cerenkov detector signal at 50m 
n eSL = e ^ e c ^ T o n s i - z e a t sea l e v e l . 
Correlation coefficients calculated between parameters 
18 
of 10 eV Proton I n i t i a t e d EAS 
fluctuations i n t h i s energy range (eg.electron size at sea level 
and depth of maximum development of the electron cascade) i s high. 
For comparison, the values of r f o r the number of secondary 
mesons produced i n the f i r s t i n t e r a c t i o n , n , and the same 
seel. 
parameters are shown. I t i s clear t h a t the value of n , has 
seel 
very l i t t l e bearing on the subsequent development of the a i r 
shower whereas the point of f i r s t i n t e r a c t i o n of the primary proton 
would appear to be the main cause of fluctu a t i o n s . 
At lower primary energies ( < lO^eV) the positio n of i n i t i a l 
i n t e r a c t i o n i s found to have less bearing on the development of the 
a i r shower. Since at low energies the showers are very 'old' by 
the time they reach the sea level t h i s i s not unexpected. Turver 
(1972) has established that a more appropriate variable based only 
upon the nucleon cascade that may be used to predict the development 
of an EAS i s what he terms the 'shower development f a c t o r 1 . This 
i s a variable which gives a measure of the dissipation of the 
primary energy as the primary p a r t i c l e traverses the atmosphere. 
Turver finds that the 'shower development factor' correlates very 
well with the f l u c t u a t i n g shower parameters at energies <10 "eV; 
above t h i s energy X ^  i s the major cause of fluctuations and the 
'shower development factor' offers no advantage. 
6-6.3 Heavy Primary I n i t i a t e d Showers 
6-6.3,1 Fragmentation factor F 
In order to make an assessment of the correlations between 
the fragmentation of heavy primary nuclei and the development of the 
EAS i t i s necessary to define some measure of the fragmentation t h a t 
may be calculated for each simulated heavy primary i n i t i a t e d EAS. 
The fragmentation f a c t o r , F, has therefore been defined and i s the 
sum of a series of terms each of which i s the number of nucleons 
100 
i n a p a r t i c u l a r nucleus present i n the cascade m u l t i p l i e d by the 
t o t a l distance that nucleus travels between the point where i t was 
-2 
created and where i t i n t e r a c t s . F has units of nucleons.g_cm 
and represents the success of an individual cascade i n carrying 
nucleons s t i l l shielded i n a nucleus into the atmosphereo The 
factor i s zero for the 'super-position' model for the break-up 
of heavy primary nucleio 
F was therefore calculated f o r each heavy nucleus i n i t i a t e d 
EAS that was simulated. I t was hoped that i f a correlation could 
be established between F and the longitudinal development of the 
shower i t would be possible to use a calculation of the values 
of F f o r many fragmentation'modes i n order to predict the 5$ 
pr o b a b i l i t y levels f o r the depth of maximum of the electron 
cascade with good s t a t i s t i c a l accuracy. The fragmentation factor 
has been calculated f o r some 50,000 nucleon cascades of i r o n and 
s i l i c o n i n i t i a t e d EAS and the results are shown i n Fig» 6-»]3o 
6-6.3.2 Correlations of F with the Fluctuating Components of 
Heavy Primary I n i t i a t e d EAS 
The correlation c o e f f i c i e n t s between F and those parameters 
of the simulated a i r showers showing large fluctuations were 
calculated. Table 6-5 gives a summary of these values of r f o r 
17 
i r o n nucleus i n i t i a t e d EAS of primary energy 10 eV« I t can be 
seen that F correlates well with the depth of maximum but not as 
well with p(50) and the electron size at sea l e v e l . In an attempt 
to f i n d a more d e f i n i t e i n d i c a t i o n of the causes of fluctuations 
i n heavy primary i n i t i a t e d a i r showers a further quantity known as 
the Interaction Factor, I , was calculated f o r each simulation. 
I i s defined as the sum of the atmospheric depths traversed before 
i n i t i a l i n t e r a c t i o n by a l l the constituent nucleons of the fragmenting 
nucleus. The correlation tests were repeated for I and the results 
002 100 
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at sea level 
n eSL 
0»592 0.821 
The deep water 
Cerenkov detector 
response at 50m 
0.386 0.665 
Depth of max. 
development of the 
electron cascade 
0.864 . 0.892 
TABLE 6-5 
Correlations of F and I with Fluctuating 
Parameters i n EAS. 
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are shown i n Table 6-5. I t i s reasonable to conclude from these 
results that the main cause of fluctuations i n heavy primary 
induced EAS i s the' way i n which the heavy primary p a r t i c l e fragments. 
6T'7 Correlation between Parameters of EAS 
6-7.1 Introduction 
The simulations of the present study produce predictions 
f o r a very wide range of parameters i n EAS. In order to make 
maximum use of the vast amount of available information, a 
comprehensive examination of the correlations between a l l relevant 
pairs of variables has been carried out f o r each catagory of simulation. 
The results of t h i s work are presented i n d e t a i l by Dixon and Turver 
(l 9 7 3 v ( i i i ) ) but some of the main features are discussed i n the following 
sections. 
a l 
The p r i n c i p l e aim of the present study, as has been mentioned 
previously, was to aid the design of improvements f o r the Haverah 
Park a i r shower array. In t h i s context one i s searching f o r : -
(a) ground parameters that do not correlate with the 
longitudinal development of EAS so that they may be used as a 
measure of the primary energy and 
(b) observables which correlate very well with the longitudinal 
development of EAS so that they may be used to indicate the presence 
of f l u c t u a t i n g protons. 
I t i s also important to establish the degree o f c o r r e l a t i o n 
between various ground parameters that are l i k e l y to be measured 
at Haverah Park. The following sections w i l l present some of the 
more relevant results obtained from the programme of work outlined 
above. 
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6-7.2 Correlations between Ground Parameters and the Longitudinal 
Deyelopment of EAS. 
Table 6-6 presents the values of the corre l a t i o n c o e f f i c i e n t 
between various ground parameters and the depth of maximum 
development of the electron cascade. The values shown i n t h i s 
18 
table were calculated from 87 simulations of 10 ' eV proton 
i n i t i a t e d EAS but similar values were obtained from other categories 
of showers. The two parameters here that give the lowest values 
f o r t h e i r c o r r e l a t i o n with the depth of maximum of the electron 
cascade (h, ) are the muon density at 300m from the core tmax ' 
(A^(300)) and the deep water Cerenkov detector response at 520m from 
the shower core (p(520)). This indicates that these parameters 
could be used as primary energy indicators. At the Haverah Park 
experiment p(500) and p(600) are already used for t h i s purpose 
(Edge et a l (1973)). The density of muons at 300m from the a i r 
2 
shower core i s unfortunately not great (^-2 or 3 per m at a primary 
18 
energy 10 eV) and therefore any attempt to use t h i s density as an 
a i d to the estimation of the primary energy would necessitate the 
use of very large area detectors. 
An in t e r e s t i n g point to note i s the change i n the value of r 
between the depth of maximum development of the electron cascade 
and the muon density as the distance from the core at which the 
density i s measured increases. This i s shown i n Fig. 6-14. The 
correlation c o e f f i c i e n t goes from a strongly positive value a t 
small core distances, through zero at — 30Cm and then becomes 
strongly negative for greater core distances. The same characteristic 
i s shown by the deep water Cerenkov detector response, the core 
distance at which r becomes zero t h i s time being ~ 500m. 
In order t o detect the large fluctuations i n the longitudinal 
development that would be at t r i b u t a b l e to the presence of primary 
104-
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from the shower core. 
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protons i t i s necessary to f i n d observables that correlate strongly 
with the depth of maximum development of the electron cascade. The 
close core electron densities f u l f i l t h i s requirement as do p(50), 
p(lOO) and, to a lesser extent, the muon density at 100m. 
Unfortunately the experiment of Blake et al.(l973) i s unable'to 
measure charged p a r t i c l e densities at <100m from the core because 
t h e i r equipment becomes saturated with the very high p a r t i c l e 
fluxes close to the core. The muon density at 100m i s large enough 
to avoid large s t a t i s t i c a l effects i n most showers f a l l i n g at 
Haverah Park and presents one p o s s i b i l i t y for the discovery of 
fl u c t u a t i n g EAS. The deep water Cerenkcv detector responses at 
50m and 100m are strong p o s s i b i l i t i e s since they are readily 
measured quantities. I t should be noted that neither the radio 
emission nor the opt i c a l Cerenkov response have been mentioned 
i n t h i s section but they both essentially r e f l e c t the depth of 
maximum development of the electron cascade and could be used i n 
addition to any other suggested measurements. 
The predictions for the time delay measurement for muons at 
30Qm and 500m from the core correlate well with the longitudinal 
development and present yet another p o s s i b i l i t y for detecting 
f l u c t u a t i n g proton i n i t i a t e d showers. 
6-7.3 Correlations Between Ground Parameters 
Table 6-6 also indicates the values of the corre l a t i o n c o e f f i c i e n t s 
between the ground parameters. The close-core electron densities 
and the muon density at 100m from the core c o r r e l a t i o n strongly 
with p(50) and p(lOO). Since the majority of the deep water 
detector signal at 500 and 100m i s due d i r e c t l y to the electrons 
one would expect the observed correlation between electron densities 
and deep water Cerenkov detector response at close core distances; 
however, i t i s less obvious why the correlations between the muon 
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d e n s i t y a t 100m and t h e s e p a r a m e t e r s s h o u l d . b e so s t r o n g . The l a c k 
o f c o r r e l a t i o n be tween p(520) and t h e muon d e n s i t y a t 300m and 
any o f t h e s e p a r a m e t e r i s d e m o n s t r a t e d , , ( i t s h o u l d be n o t e d t h a t 
t h e t h r e s h o l d e n e r g y f o r a l l t h e muon d e n s i t i e s used f o r c o r r e l a t i o n 
s t u d i e s i s 1 G e V ) . 
6 -8 C o n c l u s i o n 
I t has been d e m o n s t r a t e d t h a t , i n p r i n c i p l e , f l u c t u a t i o n s t u d i e s 
o f EAS c o u l d be used t o d e t e c t t h e p r e s e n c e o f p r o t o n s i n t h e p r i m a r y 
cosmic r a d i a t i o n , i n s p i t e o f t h e f a c t t h a t t h e p a r t i a l f r a g m e n t a t i o n 
model ( d e s c r i b e d i n C h a p t e r 5 ) p r o d u c e s l a r g e r f l u c t u a t i o n s i n shower 
p a r a m e t e r s f o r heavy n u c l e u s i n i t i a t e d EAS t h a n does t h e ' s u p e r -
p o s i t i o n ' modelo The Haverah Park g r o u n d p a r a m e t e r p ( 6 0 0 ) has been 
c o n f i r m e d t o be a l m o s t i n d e p e n d e n t o f t h e l o n g i t u d i n a l d e v e l o p m e n t o f 
t h e shower and t h e r e f o r e a good e s t i m a t o r o f p r i m a r y e n e r g y showing 
f l u c t u a t i o n s l e s s t h a n e l e c t r o n s i z e a t maximum. The r a t i o P ( 5 0 ) / p ( 5 0 0 ) 
i s p r e d i c t e d t o be a p a r t i c u l a r l y good measure o f ex t reme f l u c t u a t i o n s 
i n t h e l o n g i t u d i n a l d e v e l o p m e n t o f showerso 
The m a i n cause o f f l u c t u a t i o n s i n p r o t o n i n i t i a t e d a i r s h o w e r s 
(Ep > l 0 * ~ e V ) i s f o u n d t o be t h e p o i n t o f i n i t i a l i n t e r a c t i o n i n t h e 
a t m o s p h e r e , t h e f l u c t u a t i o n s i n o b s e r v a b l e s i n h e a v y - n u c l e u s 
i n i t i a t e d EAS a r e shown t o a r i s e f r o m t h e way i n w h i c h t h e p r i m a r y 
p a r t i c l e b r e a k s u p . 
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C H A F T ii R S E V E N 
THE RELEVANCE OF THE PRESENT STUDY TO THE HAVERAH 
PARK EAS 
7 - 1 I n t r o d u c t i o n 
The m a i n p u r p o s e o f t h i s work was t o a i d t h e d e s i g n o f i m p r o v e m e n t s 
t o t h e Haverah Park E A S " a r r a y w h i c h w o u l d i n c r e a s e t h e s e n s i t i v i t y 
o f t h e e x p e r i m e n t t o t h e mass c o m p o s i t i o n o f h i g h e n e r g y cosmic r a d i a t i o n . 
The c o n c l u s i o n drawn f r o m t h e d a t a p r e s e n t e d i n C h a p t e r 5 was t h a t t h e 
ave rage c h a r a c t e r i s t i c s o f EAS do n o t o f f e r scope f o r t h e d e t e r m i n a t i o n 
o f t h e p r i m a r y p a r t i c l e mass. T h i s was p a r t i c u l a r l y so s i n c e t h e 
p a r t i a l f r a g m e n t a t i o n model f o r t he b r e a k up o f h e a v y p r i m a r i e s a d o p t e d 
f o r t h e p r e s e n t s t u d y ( w h i c h we c o n s i d e r t o be a more r e a l i s t i c t r e a t m e n t 
o f t he b r e a k up o f heavy p r i m a r y p a r t i c l e s t h a n t h e ' s u p e r p o s i t i o n ' m o d e l 
w h i c h has o f t e n been used i n t h e p a s t ) r e d u c e s t h e d i f f e r e n c e i n t h e 
l o n g i t u d i n a l d e v e l o p m e n t o f a i r showers i n i t i a t e d by p r o t o n s and 
heavy n u c l e i , (See 5 - 5 * 2 ) . 
The re a p p e a r s t o be more l i k e l i h o o d o f d e t e c t i n g t h e p r e s e n c e 
o f p r o t o n s i n t h e p r i m a r y cosmic r a d i a t i o n f r o m s t u d i e s o f e x t r e m e f l u c t -
u a t i o n s i n t h e l o n g i t u d i n a l d e v e l o p m e n t . T h i s p o s s i b i l i t y was d i s c u s s e d 
i n some d e t a i l i n C h a p t e r 6 and t h e s u g g e s t i o n o f D r . R . J . O . R e i d t h a t t h e 
r a t i o o f p ( 5 0 ) / p ( 5 0 0 ) w o u l d be a u s e f u l measure o f t h e s e f l u c t u a t i o n s was 
c o n f i r m e d . The measurement o f t h e t i m e s t r u c t u r e o f i n c i d e n c e o f a i r shower 
p a r t i c l e s on t h e deep w a t e r C e r e n k o v d e t e c t o r s a t H a v e r a h Park has been 
r e f i n e d i n d e p e n d e n t l y o f model s i m u l a t i o n d a t a by Watson and W i l s o n ( 1 9 7 4 ) 
and now o f f e r s i t s e l f as a measurement w h i c h y i e l d s an i n d i c a t i o n o f 
f l u c t u a t i o n s o f d e v e l o p m e n t among s h o w e r s . The p r e s e n t c a l c u l a t i o n s show t h a t 
t h e t i m e t a k e n f o r a muon d e t e c t o r t o r e c o r d be tween 10?o and 80% o f i t s t o t a l 
s i g n a l ( t , - t q n ) i s i n d e e d s t r o n g l y c o r r e l a t e d w i t h t h e l o n g i t u d i n a l 
d e v e l o p m e n t o f t h e a i r shower and t h i s q u a n t i t y i s c l o s e l y r e l a t e d 
t o t h e p a r a m e t e r employed by Watson and W i l s o n ' t ± 1 , ( t h e t i m e 
"2 
o v e r w h i c h t h e r e c o r d e d C e r e k n o v d e t e c t o r s i g n a l i n c r e a s e s f r o m 
10% t o 50% o f i t s f i n a l a m p l i t u d e ) . 
Our compute r s i m u l a t i o n s have d e m o n s t r a t e d the s e n s i t i v i t y o f 
t h e l a t e r a l sp r ead o f t h e O p t i c a l C e r e n k o v s i g n a l f r o m EAS t o 
f l u c t u a t i o n s i n l o n g i t u d i n a l d e v e l o p m e n t . T h i s measurement has t h e 
d i s a d v a n t a g e o f b e i n g a v a i l a b l e f o r a s m a l l number o f EAS ( i t i s 
e s t i m a t e d t h a t c o n d i t i o n s o f l i m i t e d m o o n l i g h t and p e r i o d s o f c l e a r 
s k y w i l l a l l o w t h e measurement t o be made f o r 4% o f t h e t i m e a t 
Haverah Park ( S m i t h and T u r v e r ( 1 9 7 3 ) ) . Howeve r , t h e t e c h n i q u e 
i n v o l v e s o n l y r e l a t i v e l y i n e x p e n s i v e and s i m p l e e q u i p m e n t and i t has 
a l r e a d y been shown by t h e e x p l o r a t o r y measurements o f S m i t h ( 1 9 7 4 ) 
t h a t t h i s t e c h n i q u e i s a v a l u a b l e a d d i t i o n t o e x i s t i n g shower 
measu remen t s . 
7 - 1 . 1 The M o d i f i c a t i o n s P l anned f o r t h e Haverah Park A i r Shower A r r a y 
The Haverah Park EAS a r r a y i s shown i n F i g . 1-1 as i t was when 
t h e p r e s e n t s t u d y was commenced. M o d i f i c a t i o n s a r e now i n t h e p r o c e s s 
o f being implSmented w h i c h w i l l enable comment t o be made upon t h e 
c o m p o s i t i o n o f h i g h e n e r g y p r i m a r y cosmic r a d i a t i o n . One o f t h e m a i n 
r e q u i r e m e n t s o f t h e i m p r o v e d a r r a y i s t h a t i t measures t h e d e t e c t o r 
r e s p o n s e p ( r ) a t c l o s e c o r e d i s t a n c e s t o a h i g h d e g r e e o f a c c u r a c y so 
t h a t t h e r a t i o p (50 ) /p (500) may be d e t e r m i n e d w i t h c o n f i d e n c e . I n 
o r d e r t o do t h i s , a d d i t i o n a l w a t e r C e r e n k o v d e t e c t o r s a r e b e i n g 
i n s t a l l e d . A p r o p o s e d l a y o u t o f t h e m o d i f i e d a r r a y i s shown i n 
F i g u r e 7 - 1 . T h e r e a r e 25 a d d i t i o n a l w a t e r C e r e n k o v d e t e c t o r s each 
2 
of a r ea l m and t h e d i s t a n c e be tween them i s 150m. As w e l l as 
p r o v i d i n g an a c c u r a t e v a l u e o f p ( 5 0 ) t t h i s a r r a n g e m e n t w i l l a l s o 
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i m p r o v e t h e a c c u r a c y o f t h e c o r e l o c a t i o n , i n t u r n e n h a n c i n g many o t h e r 
measurements . 
I n a d d i t i o n t o t h i s " i n f i l l i n g " o f t h e a r r a y w i t h w a t e r C e r e n k o v 
d e t e c t o r s , 9 d e t e c t o r s w i l l be i n s t a l l e d t o o b s e r v e t h e o p t i c a l 
C e r e n k o v l i g h t f l u x e m i t t e d f r o m a i r showers and i t s t e m p o r a l 
c h a r a c t e r i s t i c . The p o s i t i o n s o f t h e s e d e t e c t o r s a r e a l s o shown i n 
F i g . 7 - 1 . 
The s t u d i e s o f Watson and W i l s o n o f t h e t e m p o r a l s t r u c t u r e o f t h e 
deep w a t e r C e r e n k o v r e sponse w i l l be c o n t i n u e d , w o r k a l r e a d y h a v i n g 
s t a r t e d t o d e v e l o p a s y s t e m o f a d d i t i o n a l r e c o r d s f o r t h i s p a r t i c u l a r 
a p p l i c a t i o n ; t o d a t e t h e y have based t h e i r work upon t h e e x i s t i n g 
r e c o r d s o f t h e f o u r l a r g e (34m ) d e t e c t o r s w h i c h f r e m t h e c e n t r a l 
u n i t o f t h e m a i n shower a r r a y a t a s e p a r a t i o n o f 500m. 
Two new muon e x p e r i m e n t s a r e p l a n n e d . The U n i v e r s i t y o f N o t t i n g h a m 
g r o u p have d e s i g n e d a n e x p e r i m e n t t o measure t h e a r r i v a l t i m e s o f 
2 
muons i n EAS u s i n g two 10m d e t e c t o r s and t h e U n i v e r s i t y o f Durham 
g r o u p a re g o i n g t o measure t h e a n g l e s o f muons i n EAS a l s o u s i n g two 
2 
10m d e t e c t o r s . The s i t u a t i o n o f t h e s e d e t e c t o r s i s shown i n F i g . 7 - 1 . 
The measurements o f t h e r a d i o s i g n a l f r o m EAS w i l l c o n t i n u e as d e s c r i b e d 
by A l l a n e t a l . ( 1 9 7 3 ) , p r o v i d i n g a d d i t i o n a l i n f o r m a t i o n a b o u t t h e 
l o n g i t u d i n a l d e v e l o p m e n t o f t h e a i r showers r e c o r d e d a t Have rah P a r k . 
7 - 2 C l u s t e r A n a l y s i s o f S i m u l a t i o n Data 
7 - 2 . 1 I n t r o d u c t i o n 
As t h e e x p e r i m e n t a l f a c i l i t i e s a t Haverah Park become more 
r e f i n e d t h e r e becomes a v a i l a b l e more i n f o r m a t i o n c o n c e r n i n g each 
a i r shower t h a t i s r e c o r d e d by t h e a r r a y . An a t t e m p t has been made 
h e r e t o i n v e s t i g a t e t h e f e a s i b i l i t y o f u s i n g m u l t i d i m e n s i o n a l c l u s t e r 
a n a l y s i s o f t h e e x p e r i m e n t a l d a t a t o d i v i d e t h e r e c o r d e d showers i n t o 
g r o u p s , h o p e f u l l y c h a r a c t e r i s e d by t h e a t o m i c mass number o f t h e p r i m a r y p a r t i c l e . 
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The way i n w h i c h t h e s t u d y was made w i l l be d e s c r i b e d b r i e f l y . 
A s e t o f p a r a m e t e r s r e p r e s e n t a t i v e o f m e a s u r a b l e q u a n t i t i e s a t Haverah 
Park were s e l e c t e d f r o m each s i m u l a t e d shower ; t h e v a l u e s o f t h e s e 
p a r a m e t e r s were n o t e d f o r a s e t o f s i m u l a t e d a i r showers i n i t i a t e d 
17 
by 10 eV p r i m a r y p a r t i c l e s o f v a r y i n g a t o m i c mass number . A 
c l u s t e r a n a l y s i s programme d e v i s e d by W i s h a r t ( 1 9 6 9 ) was used t o e x p l o r e 
t h e p o s s i b i l i t y o f r e c o v e r i n g , w i t h t h e a i d o f t h i s l i m i t e d amount o f 
d a t a f o r m e a s u r a b l e q u a n t i t i e s , t h e n a t u r e o f t h e p r i m a r y p a r t i c l e 
f o r each shower i n t h e s e t . 
7 - 2 . 2 The C l u s t e r A n a l y s i s Programme 
The c l u s t e r a n a l y s i s programme by W i s h a r t ( 1 9 6 9 ) was used f o r 
t h e p u r p o s e o f t h i s i n v e s t i g a t i o n i n i t s most s i m p l e mode o f o p e r a t i o n . 
The compu te r programme a l l o w e d f o r t h e use o f a maximum o f 2 0 p a r a m e t e r s 
t o d e s c r i b e t h e measu rab l e q u a n t i t i e s i n each EAS. I n i t i a l l y t h e s e t 
o f p a r a m e t e r s f o r each e v e n t were a s s i g n e d t o an a r b i t r a r y c l u s t e r . 
The number o f f i n a l c l u s t e r s r e q u i r e d and t h e minimum s i z e o f a c l u s t e r 
were i n p u t v a r i a b l e s . The p a r a m e t e r s d e s c r i b i n g each a i r shower 
were r e d u c e d t o a s e t o f s t a n d a r d s c o r e s by t h e programme and t h e 
d i s t a n c e s i n m u l t i p a r a m e t r i c space be tween each e v e n t and i t s c l u s t e r 
c e n t r e was c a l c u l a t e d . T e s t s were made on each e v e n t t o see i f i t was 
more s i m i l a r t o any o t h e r c l u s t e r and i f i t was i t was t r a n s f e r r e d . 
New c l u s t e r c e n t r e s were e s t a b l i s h e d by t a k i n g t h e ' c e n t r e o f g r a v i t y * 
o f t h e s e c l u s t e r s and t h e p r o c e d u r e s r e p e a t e d u n t i l s t a b l e c l u s t e r s 
were f o r m e d . The o p t i o n o f v a r y i n g t h e t h r e s h o l d o f s i m i l a r i t y beyond 
w h i c h an e v e n t c o u l d n o t be a c c e p t e d i n t o a c l u s t e r was a v a i l a b l e . 
7 - 2 . 3 Da ta Used f o r C l u s t e r A n a l y s i s 
Shower d a t a o b t a i n e d f r o m t h e ' h y b r i d ' c o m p u t a t i o n a l t e c h n i q u e 
were used f o r t h i s s t u d y . F o r each s i m u l a t e d e v e n t i n t h e s e t t h e 
I l l 
f o l l o w i n g p r e d i c t e d q u a n t i t i e s were n o t e d : 
( i ) t h e d e e p w a t e r Ce renkov d e t e c t o r response a t 50m ( p ( 5 0 ) ) , 
( i i ) t h e deep w a t e r C e r e n k o v d e t e c t o r r e sponse a t 500m ( p ( 5 0 0 ) ) , 
( i i i ) t h e muon d e n s i t y a t 100m f r o m t h e shower c o r e (A (>1 GeV, 
1 0 0 m ) , 
( i v ) t h e muon d e n s i t y a t 300m f r o m t h e shower c o r e (A (>1 GeV, 
3 0 0 m ) , 
( v ) t h e t i m e f o r a muon d e t e c t o r s i g n a l t o i n c r e a s e f r o m 10% 
to 80% o f i t s f i n a l v a l u e ( t h i s i s a p a r a m e t e r c l o s e l y 
r e l a t e d t o t h e v a l u e o f ' t i ' measured e x p e r i m e n t a l l y 
by W i l s o n and W a t s o n ) , 
and ( v i ) t h e r a t i o o f t he o p t i c a l C e r e n k o v s i g n a l r e c o r d e d a t 100m 
t o t h a t r e c o r d e d a t 600m f r o m t h e shower c o r e ( j ^ ( l O O ) / 
* J / ( 6 0 0 ) ) . 
The s t u d y was based upon such s i m u l a t i o n s d a t a f r o m a i r showers 
i n i t i a t e d by p r i m a r y p a r t i c l e s o f e n e r g y 10 e V / n u c l e u s c o m p r i s i n g : -
2 0 p r o t o n i n i t i a t e d EAS (A = l ) ; p 
6 a - p a r t i c l e i n i t i a t e d EAS (A=4);oc 
6 s i l i c o n n u c l e u s i n i t i a t e d EAS ( A = 2 8 ) ; S i 
6 I r o n n u c l e u s i n i t i a t e d EAS ( A = 5 6 ) ; Fe 
7 - 2 . 4 R e s u l t s o f t h e C l u s t e r A n a l y s e s 
7 - 2 . 4 . 1 C l u s t e r Analysis o f S i m u l a t i o n "flata w i t h no A l l o w a n c e f o r E r r o r s 
of /Measurement 
I n i t i a l l y t h e a n a l y s i s was made f o r s i m u l a t i o n d a t a w i t h no 
a l l o w a n c e made f o r e x p e r i m e n t a l e r r o r s . The shower d a t a were n o r m a l i s e d 
to a f i x e d value o f p(5O0) ( s i n c e t h i s i s t h e measure o f p r i m a r y e n e r g y 
to be used e x p e r i m e n t a l l y ) and each e v e n t was r a n d o m l y a s s i g n e d ' 
to one o f t h r e e g r o u p s . These g r o u p s were t a k e n as t h e i n i t i a l 
c l u s t e r s . The o t h e r f i v e measu rab l e p a r a m e t e r s were 
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u sed as i n p u t d a t a f o r t h e c l u s t e r a n a l y s i s p rogramme. The r e s u l t 
o f t h i s a n a l y s i s i s shown i n T a b l e 7 - 1 . 
TABLE 7 - 1 
C l u s t e r Number C o n t e n t s o f C l u s t e r 
1 lOp + 6 P C 
2 9p 
3 6 S i + 6Fe 
(The re was one p r o t o n shower showing e x t r e m e f l u c t u a t i o n s w h i c h t h e 
programme was u n a b l e t o a s s i g n t o any o f t h e c l u s t e r s ) . I t w o u l d 
t h e r e f o r e be p o s s i b l e t o s e p a r a t e EAS o f f i x e d g r o u n d p a r a m e t e r s 
p ( 5 0 0 ) i n t o g r o u p s a c c o r d i n g t o t h e a t o m i c mass number o f t h e p r i m a r y 
p a r t i c l e , p r o v i d e d no e x p e r i m e n t a l e r r o r s f e a t u r e d i n t h e b a s i c d a t a . 
7 r 2 . 4 . 2 The E f f e c t o f I n c l u s i o n o f E x p e r i m e n t a l E r r o r s 
The a n a l y s i s o f s i m u l a t i o n d a t a d e s c r i b e d i n § 7 - 2 . 4 . 1 i s c l e a r l y 
n o t a r e a l i s t i c t e s t o f t h e f e a s a b i l i t y o f u s i n g c l u s t e r a n a l y s i s f c r 
r e a l o b s e r v a t i o n a l d a t a and t h e r e f o r e l i k e l y e x p e r i m e n t a l e r r o r s were 
a s s i g n e d t o t h e p a r a m e t e r s . The r e l a t i v e s t a n d a r d d e v i a t i o n s o f t h e 
e r r o r s a s s i g n e d t o t h e p a r a m e t e r i n i t i a l l y w e r e : 
p ( 5 0 ) : 8% ( t y p i c a l o f e r r o r i f u s i n g a lm d e t e c t o r ) 
p ( 5 0 0 ) : lb% ( t y p i c a l o f p r e s e n t measurement ) 
(> 1 GeV, 100m):20% ( a p p r o p r i a t e t o a 
A y ( > l GeV,300m):30% muon d e t e c t o r o f ^ 2 0 m 2 ) 




The v a l u e s f o r p a r a m e t e r s i n i n d i v i d u a l showers used i n the c l u s t e r 
a n a l y s i s were sampled f r o m n o r m a l d i s t r i b u t i o n s w i t h means c o r r e s p o n d i n g 
t o t h e computed p a r a m e t e r v a l u e s and t h e s t a n d a r d d e v i a t i o n s q u o t e d 
a b o v e . 
The r e s u l t o f r e p e a t i n g t h e c l u s t e r a n a l y s i s o f t h e d a t a f o r 
t h e 38 s i m u l a t e d EAS w i t h t he se e x p e r i m e n t a l e r r o r s a p p l i e d t o t h e 
p a r a m e t e r s i s shown i n T a b l e 7-2 
TABLE 7-2 
Number o f C l u s t e r C o n t e n t s o f C l u s t e r 
1 1 4 p , 3 a, 3 5 i , 3Fe 
2 4 p , 3 a, 3 S i , l F e 
3 l p , 2Fe 
A g a i n t h e r e was one p r o t o n i n i t i a t e d shower w h i c h the programme 
was u n a b l e t o a s s i g n t o any o f t h e c l u s t e r s . A n i n v e s t i g a t i o n was 
made i n t o t h e e f f e c t o f a l t e r i n g t h e t h r e s h o l d o f s i m i l a r i t y v a l u e 
t h a t was s p e c i f i e d i n t h e a n a l y s i s . The r ange o f v a l u e s a l l o w e d f o r 
t h i s q u a n t i t y were 1.0 - * 0 . 1 ( t h e l a r g e r t h e v a l u e t h e l e s s s i m i l a r i t y 
was r e q u i r e d i n o r d e r f o r e v e n t s t o f o r m a c l u s t e r ) . The v a l u e a d o p t e d 
f o r t h e p r e v i o u s r u n s was 0 . 9 . By l o w e r i n g t h e v a l u e o f t h e t h r e s h o l d 
o f s i m i l a r i t y so t h a t more e v e n t s were e x c l u d e d f r o m a l l c l u s t e r s i t 
was hoped t o r e s t o r e some o r d e r e d c l u s t e r i n g . H o w e v e r , t h i s r e s u l t e d 
i n ( s m a l l e r ) m i x e d c l u s t e r s and t h o s e e v e n t s e x c l u d e d f r o m t h e c l u s t e r -
t h e r e s i d u e - were a l s o m i x e d . C l e a r l y w i t h t h e s e e x p e r i m e n t a l e r r o r s 
a p p l i e d t o t h e s i m u l a t i o n d a t a t h e c l u s t e r a n a l y s i s programme i s u n a b l e 
t o s o r t t h e EAS i n t o ggroups a c c o r d i n g t o t h e i r p r i m a r y mass number. 
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7 - 2 . 4 . 3 The E f f e c t o f I m p r o v i n g t h e A c c u r a c y o f E x p e r i m e n t a l Measurements 
P o s s i b l e improvemen t s i n t h e measurement t e c h n i q u e s were n e x t 
c o n s i d e r e d and the e r r o r on t h e p a r a m e t e r p ( 5 0 0 ) ( w h i c h f e a t u r e s i n 
t h e n o r m a l i s a t i o n o f a l l t h e d a t a ) was l o w e r e d t o 10%. T h i s r e s u l t e d 
i n a l i m i t e d amount o f o r d e r e d c l u s t e r i n g as can be seen f r o m t h e 
d a t a o f T a b l e 7 - 3 . 
TABLE 7-3 
Number o f C l u s t e r s C o n t e n t s o f C l u s t e r s 
1 l 3 p , 3cx, 6 S i , 4Fe 
2 4p 
3 l p , 2Fe 
R e s i d u e : 2 p r o t o n s 
C l u s t e r N o . 2 c o n t a i n s o n l y p r o t o n s as does t h e r e s i d u e and i t can 
t h e r e f o r e be c o n c l u d e d t h a t i f t h e p r i m a r y e n e r g y can be e s t i m a t e d 
t o an a c c u r a c y o f 10% and t h e o t h e r p a r a m e t e r s t o t h e i n d i c a t e d 
a c c u r a c i e s , c l u s t e r a n a l y s i s may be used t o a i d t h e d e t e r m i n a t i o n 
o f t h e p r i m a r y mass o f s e l e c t e d a i r s h o w e r s . L o w e r i n g the e x p e r i m e n t a l 
e r r o r on p ( 5 0 0 ) f u r t h e r t o 5% and t h e n r e m o v i n g i t c o m p l e t e l y d i d 
n o t r e s u l t i n any f u r t h e r o r d e r i n g o f t h e c l u s t e r s . 
The s t a n d a r d d e v i a t i o n on p ( 5 0 0 ) was s e t a t 10% and t h e r e s u l t 
o f r e m o v i n g t h e e r r o r s imposed upon t h e o t h e r p a r a m e t e r s ( t h e o p t i m u m 
case) was i n v e s t i g a t e d . The r e s u l t i s shown i n T a b l e 7 - 4 . 
TABLE 7 -4 
Number o f C l u s t e r C o n t e n t s o f C l u s t e r 
1 6 p , 4 S i , l F e , 4 a 
2 2 S i , 5Fe 
3 1 2 p , 2 q 
R e s i d u e : 2 p r o t o n s 
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The c l u s t e r a n a l y s i s i n t h i s case has succeeded i n p r o d u c i n g 
one c l u s t e r composed o f heavy n u c l e i ( c l u s t e r number 2 ) and one 
o f p r o t o n s and l i g h t n u c l e i ( c l u s t e r number 3 ) . C l u s t e r number 1 , 
h o w e v e r , r e m a i n s a m i x t u r e o f a l l t h e p r i m a r y masses. 
A measure o f success has t h e r e f o r e been d e m o n s t r a t e d , even 
w i t h t h e i n c l u s i o n o f some e x p e r i m e n t a l e r r o r s , i n t h e use o f 
c l u s t e r a n a l y s i s o f measurab le p a r a m e t e r s t o c a t e g o r i z e t h e 
i n d i v i d u a l showers i n t e r m s o f t h e p r i m a r y mass. 
7-3 C o n c l u s i o n 
The p r e s e n t work i n d i c a t e s t h a t t h e improvemen t s now b e i n g 
i m p l e m e n t e d a t t h e Haverah Park A i r Shower A r r a y s h o u l d , on t h e 
b a s i s o f f l u c t u a t i o n s t u d i e s , a l l o w comment t o be made upon t h e 
mass c o m p o s i t i o n o f t h e p r i m a r y c o s m i c r a d i a t i o n a t h i g h e n e r g i e s 
( > 1 0 1 7 e V ) . 
The c l u s t e r a n a l y s i s t e c h n i q u e f o r t h e c l a s s i f i c a t i o n o f EAS 
by p r i m a r y mass number o u t l i n e d i n § 7 - 2 w a r r a n t s f u r t h e r i n v e s t i g a t i o n . 
On t h e b a s i s o f t h e w o r k done t o d a t e i t may be c o n c l u d e d t h a t i f t h e 
p r i m a r y e n e r g y i n d i c a t o r i s known t o an e x p e r i m e n t a l a c c u r a c y o f ^ 1C% 
i t may be p o s s i b l e t o a c h i e v e some s u c c e s s . I t s h o u l d be n o t e d t h a t 
t h i s may be made p o s s i b l e by u s i n g , i n a d d i t i o n t o p ( 5 0 0 ) t h e v a l u e 
$ ( 3 0 0 ) ( t h e o p t i c a l C e r e n k o v response a t 300m f r o m t h e shower c o r e ) 
i n o r d e r t o n o r m a l i s e t h e d a t a f o r each a i r shower . $ ( 3 0 0 ) has been 
shown t o be a good i n d i c a t o r o f p r i m a r y e n e r g y . Measurements o f 
t h i s q u a n t i t y i n s e l e c t e d showers s h o u l d soon be a v a i l a b l e t o an 
a c c u r a c y o f ( G . J . S m i t h , Ph.D Thesis i n p r e p a r a t i o n ) . Thus a 
r e d u c t i o n i n t h e e x p e r i m e n t a l u n c e r t a i n t y i n the p r i m a r y e n e r g y 
o n t h e b a s i s o f i m p r o v e m e n t s i n p ( 5 0 0 ) o r t h e i n c l u s i o n o f t h e 
$ ( 3 0 0 ) v a l u e s h o u l d be i n v e s t i g a t e d . The e r r o r s q u o t e d i n § 7 - 2 . 4 . 2 
f o r t h e e t h e r measu rab l e p a r a m e t e r s a r e f o r EAS w i t h p r i m a r y e n e r g y 
17 
o,10 eV. These e r r o r s may be r e d u c e d when measurements o f t h e l e s s 
f r e q u e n t h i g h e r e n e r g y EAS a r e c o n s i d e r e d . The p o s s i b l e use o f t h i s 
t e c h n i q u e i n t h e a n a l y s i s o f s p e c i a l l y s e l e c t e d a i r showers r e c o r d e d 
a t Haverah Park may be w o r t h w h i l e i n t h e near f u t u r e . 
The i n c l u s i o n i n t h e s i m u l a t i o n s , o f t he l a t e s t t r e n d s seen i n 
n u c l e o n - n u c l e o n i n t e r a c t i o n s f r o m a c c e l e r a t o r d a t a were d i s c u s s e d 
i n § 4 - 5 . 7 The c o n c l u s i o n s d rawn f r o m t h i s i n v e s t i g a t i o n a r e t h a t 
s i m u l a t i o n s made u s i n g mode ls i n c o r p o r a t i n g Feynman s c a l i n g i n 
a d d i t i o n t o a s h o r t e n e d i n t e r a c t i o n mean f r e e p a t h f o r h i g h e n e r g y 
p r o t o n s and p i o n s i n a i r and mak ing t h e a s s u m p t i o n o f heavy 
p r i m a r y p a r t i c l e s p roduce p r e d i c t i o n s t h a t f i t t h e o b s e r v e d d a t a 
w e l l . ( I n f a c t t h e f i t i s b e t t e r t h a n t h a t o f t h e ' n o r m a l ' model 
i n t h e case o f t h e l o n g i t u d i n a l d e v e l o p m e n t o f t h e e l e c t r o n cascade 
i n s m a l l s h o w e r s ) . Howeve r , t h e s a t i s f a c t o r y r e p r e s e n t a t i o n o f t h e 
ave rage shower c h a r a c t e r i s t i c s by t h e p r e d i c t i o n s o f t h i s mode l 
r e q u i r e s t h a t t he cosmic r a y beam be s u b s t a n t i a l l y composed o f i r o n 
17 
n u c l e i a t e n e r g i e s £ 1 0 eV; i t f o l l o w s t h a t t h e f l u c t u a t i o n s w o u l d 
be s m a l l . Thus i f on t h e b a s i s o f t h e s ea rch f o r f l u c t u a t i o n s a t 
Have rah Park a l a r g e p r o p o r t i o n o f t h e p r i m a r i e s a r e p r o v e d t o be 
p r o t o n s , t h e s e p r e d i c t i o n s w o u l d no l o n g e r be v a l i d . The p r e d i c t i o n s 
f o r p r o t o n i n i t i a t e d showers s i m u l a t e d u s i n g t h i s model a r e n o t i n 
s u c h good ag reemen t w i t h e x p e r i m e n t a l d a t a . A r e q u i r e m e n t w o u l d t h e n 
e x i s t f o r f u r t h e r a l t e r a t i o n s t o t h e r e p r e s e n t a t i o n o f e n e r g e t i c 
i n t e r a c t i o n s . 
A P P E N D I X O N E 
P j ^ b a i 2 i l i ± y _ - Q £ - l D t e r a c : t i Q n _ n f F inns . 
"err 
h 2 g . c m 2 | 
( x 2 k m ) 
I 1 g .cm ( x , k m ) 
P r o b a b i l i t y o f i n t e r a c t i o n be tween B and C 
= P r o b . o f s u r v i v a l t o B x ( P r o b . o f i n t e r a c t i o n i n d i s t . AC 
- p r o b . o f i n t e r a c t i o n i n - d i s t . AB) 
-m h . / E x c 
1 TT - e 
where m = mass o f p i o n 
x = mean l i f e o f p i o n 
ir 
E = e n e r g y o f p i o n 
^ = mean f r e e p a t h i n a i r . 
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A P P E N D I X T W O 
USE OF THE CKP TRANSVERSE MOMENTUM DISTRIBUTION 
The t r a n s v e r s e momentum d i s t r i b u t i o n s u g g e s t e d by C o c c o n i e t a l 
( 1 9 6 1 ) i s : ' 
dn ( p t ) d p t • e 
V P o 
• d p + 
where p = 
^o 
< P t > 
We w i s h t o i d e n t i f y t h o s e p i o n s w h i c h 
w i l l be d e f l e c t e d such t h a t t h e y w i l l 
f a l l i n t h e a n n u l u s b e t w e e n A and B 
C o n s i d e r p i o n s p r o d u c e d i n an e n e r g y b i n whose u p p e r bound i s 
and l o w e r bound E ^ : 
S i n c e H t R 
and j p . h 
The l i m i t s o f t r a n s v e r s e momentum w h i c h w i l l cause a p i o n 
t o f a l l i n t h e r e q u i r e d a n n u l u s a r e : -
The number o f p i o n s f a l l i n g a t a mean d i s t a n c e R f r o m t h e c o r e p e r 
u n i t a r ea i n t h e e n e r g y range E ^ i s t h e n 
I = d n ( p t ) d p t 
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I = P t / P o 
d P t = 
5& 
" P . 
R 1 P * 
hP, 
p u t t i n g x = — d p t = p Q dx 
o 
- x , 
x . e dx 
I = 
h p „ 
+ l"j -e - R 2 P / h p 
h P „ 
+ 1 ] 
Assuming t h a t p^ a E , we may w r i t e : -
I = e 
hP_ " R 1 E 1 + 1 J 
"if 
h p . 
- e 
. h P o 
+ 1 
7T x ( R 2 2 - i ^ 2 ) x ( E 2 - E x ) 
A P P E N D I X T H R E E 
ELECTRON PHOTON CASCADING I N THE ATMOSPHERE 
A 3 - 1 The Cascade unde r A p p r o x i m a t i o n A 
The t r e a t m e n t unde r A p p r o x i m a t i o n A i n v o l v e s t h e s o l u t i o n t o 
t h e d i f f u s i o n e q u a t i o n s f o r e l e c t r o m a g n e t i c c a s c a d i n g f o r h i g h e n e r g y 
p a r t i c l e s ( ene rgy i n excess o f t h e c r i t i c a l e n e r g y - 84 MeV f o r a i r ) 
and t a k e s a c c o u n t o n l y o f b r e m s s t r a h l u n g and p a i r p r o d u c t i o n 
( t h e Gompton e f f e c t and i o n i z a t i o n l o s s by e l e c t r o n s a re t h u s 
i g n o r e d ) . 
B r e m s s t r a h l u n g i s t h e e m i s s i o n o f p h o t o n s by c h a r g e d p a r t i c l e s 
when t h e i r t r a j e c t o r i e s a r e d e f l e c t e d i n t h e e l e c t r i c f i e l d s o f 
n u c l e i . P a i r p r o d u c t i o n i s t h e phenomenon o f e l e c t r o n p o s i t r o n 
p a i r s m a t e r i a l i s i n g f r o m p h o t o n s as t h e y pass t h r o u g h t h e e l e c t r i c 
f i e l d s o f n u c l e i . 
I n o r d e r t o compute t h e d e v e l o p m e n t o f t h e e l e c t r o m a g n e t i c 
cascade f r o m a p h o t o n p r o d u c t i o n s p e c t r u m w h i c h i s s p e c i f i e d a t 
e 
d i s c r e t h e i g h t i n t e r v a l s , one needs t o o b t a i n o p e r a t o r s a s s o c i a t e d 
w i t h t h e p r o d u c t i o n o f e l e c t r o n s f r o m gamma r a y s , t h e p r o d u c t i o n 
o f gamma r a y s f r o m e l e c t r o n s and t h e s u r v i v a l o f e l e c t r o n s and 
gamma r a y s . T h e r e f o r e ge can be d e f i n e d so t h a t . i t i s an 
o p e r a t o r a s s o c i a t e d w i t h p a i r p r o d u c t i o n w h i c h , when a p p l i e d t o 
p h o t o n s i n a g i v e n e n e r g y b i n a t a d e p t h t , y i e l d s e l e c t r o n 
s e c o n d a r y numbers i n e n e r g y b i n s a t d e p t h t + d t . ee and gg 
a r e t h e o p e r a t o r s a s s o c i a t e d w i t h e l e c t r o n and p h o t o n s u r v i v a l 
r e s p e c t i v e l y and e g i s t h e o p e r a t o r a s s o c i a t e d w i t h p a i r p r o d u c t i o n 
j=i-u 
u eg. x e 
+ gg^ x g u + j 
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< ^ j = i - u 
e i = / e e . x e , . + q e . x g , . u £ . = Q j u+j y j yu+j 
where g u<and g u ' are the number of secondary photons and e l e c t r o n s 
a t the depth t + d t , and e y are the o r i g i n a l numbers a t the depth 
t and the s u b s c r i p t s denote the energy bins o f the p a r t i c l e s ; i i s 
the s u b s c r i p t assigned t o the maximum energy b i n being considered 
The operators which must be c a l c u l a t e d are 
g g Q j gg^j e e Q , ee.., g e Q , ge.., e g Q and eg^ ( j > 0 ) 
where^for example, i n the case of gg Q the s u b s c r i p t j = 0 r e f e r s t o 
the case where the photon remains i n the same energy i n t e r v a l a f t e r 
i t has t r a v e r s e d d t r a d i a t i o n lengths.. Successive energy bins 
below t h a t of the parent p a r t i c l e ( j = 0) correspond t o j values 
i n c r e a s i n g i n i n t e g e r steps. 
The c a l c u l a t i o n s of these operators has been described i n d e t a i l 
by Marsden (1971). The r e s u l t s are summarised here 
\f i s the f r a c t i o n a l energy of the produced p a r t i c l e 
vTj represents the lower bound b i n energies expressed as a 
f r a c t i o n of the mean energy 
f = v j - 1 = l O ^ * ^ decade energy b i n s ) 
E = yE where E i s the mean b i n energy, E i s the lower o 7 o o a / o 
dE/ 2 
bound and a E d i f f e r e n t i a l energy spectrum 
i s assumed f o r the contents of the b i n 
y = 1.150806 
b = - < | + 1 3 7 ^ 
9.1n(l83„Z 3 ) / 
For bremsstrahlung 
eg. = ( ( f 2 - l ) v.V 2 + b (ln(f) +(l - f ) V j ) ) dt j > 0 
eg o= Ci ( 1 - * 3 ) + b 1- )) 
Y . 2y 
Fcr p a i r p r o d u c t i o n 
ge = 2 ((f -1) + b <(f - 1) J _ - ( f 2 - l ) _L )) 
3 2 
S e 0 . (( 1 - \ ) + b ( 2-3 - 4- - i )) dt 
Y 3Y 2y 
E l e c t r o n s u r v i v a l 
2 
6 e j = + ^ f 2 _ l ) ~2 + b ( ~ f _ 1 ) v j + I n (1 - y . ) ) ) d t 
1-f . 
ee Q= 1 - (*+§ + i - - ^ 3 - ^ i„(i-±) 
- 2y^ 3 y J yZ y 
I n 2 ( l - ^ ) - § i n 3 ( l - 1 ) ) d t 
y y ^ y 
Photon s u r v i v a l 
g g D = i - ( 2 - 1 u ) 
. 5 4 . l n ( l 8 3 . Z °) 
and c l e a r l y 
gg.. = 0 i f j > 0. 
Using these operators the energy spectra o f the e l e c t r o n s and 
photons i n each depth i n t e r v a l may be obtainedo 
Approximation A i s only v a l i d f o r high energy p a r t i c l e s and 
t h e r e f o r e whenever an e l e c t r o n or photon of 50 GeV or below was 
produced i n a depth i n t e r v a l the i n f o r m a t i o n was stored i n an a r r a y 
which was l a t e r us-d t o determine the l a t e r a l development of the 
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shower i n combination w i t h the numerical data of Messel and 
Crawfordo 
The p r e d i c t i o n s of Messel and Crawford are o n l y f o r 
s p e c i f i c e l e c t r o n and photon i n p u t energies (50, 10 and 0„5 GeV) 
and so i t was necessary t o d i v i d e the contents of the energy 
bins a t each l e v e l i n t o 'equivalent' 50, 10 or 0.5 GeV photons 
or e l e c t r o n s . This was done as shown i n F i g . A.lo 
Tests were made t o check on the s e n s i t i v i t y of the r e s u l t 
t o changes i n the p r o p o r t i o n s from each energy b i n going t o 
0u5 GeV, 10 GeV and 50 GeV. 
1 2 3 4 5 6 7 8 9 10 «- energy 
\ / 1 ^ 
\ 




5 GeV 10 GeV 50 GeV 
Figure A . l . 
A3-2 Approximation B 
'Approximation B 1 i s a one dimensional s o l u t i o n of the 
d i f f u s i o n equations f o r e l e c t r o n photon cascading which ignores 
the Compton e f f e c t . The s o l u t i o n of the d i f f u s i o n equations 
under Approximation B was given by Snyder (1949) and i s represented 
a n a l y t i c a l l y by Greisen (1956) as:-
0.31 
N(E , t , > 0 ) = f E •) 
( t ( l - - l o g s ) ) 
c J 
where s = 3 t 
c 
This gives the number o f e l e c t r o n s above zero energy a t a depth 
t ( i n r a d i a t i o n l e ngths) below where a gamma ray of energy 
E was producedo 
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